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Abstract

Many applications of the classical nonlinear Schrödinger equations with cubic and power nonlinearity are seen in nonlinear
ptics, plasma physics, superconductivity, propagation of the electric field in optical fibers, self-focusing and collapse of
angmuir waves in plasma physics, to model deep water waves and freak waves in the ocean.
bjectives: In this paper, the generalized form of the modified nonlinear Schrödinger equation is proposed with various

onlinearities.
ethods: Bernoulli equation method, which is one of the ansatz-based methods, is considered to be obtained as the novel

oliton solutions of the modified nonlinear Schrödinger equation with various nonlinearities.
esults: With the view of the results, new improvements can happen for applications of the model.
2023 International Association for Mathematics and Computers in Simulation (IMACS). Published by Elsevier B.V. All rights

eserved.

eywords: Bernoulli equation method; The modified nonlinear Schrödinger equation; Nonlinearities; Solitons

1. Introduction

One of the main nonlinear partial differential equations is the classical nonlinear Schrödinger equation (NSE)

iΦt +
1
2
Φxx + |Φ|

2 Φ = 0, (1)

which is seen in the various areas from optics, plasma physics to deep water waves, freak and rogue waves not only
on the surface of the ocean but also in fiber optical systems in the literature. New modifications were required due to
the inability of classical NSE to model sub picosecond optical dynamics pulses well. Therefore, many modifications
have been seen in the literature due to the nonlinearities, two of them are main modifications [8–10,23].

The generalized form of modified nonlinear Schrödinger equation

iΦt + aΦxx + F
(
|Φ|

2)Φ = i
[
αΦx + λ

(
|Φ|

2m Φ
)

x + v
(
|Φ|

2m)
x Φ
]
, i2

= −1 (2)

is given where Φ (x, t) represents the wave profile in an optical fiber, m, a, α, λ, v are parameters which represent
nonlinearity, group velocity dispersion (GVD), inter-modal dispersions (IMD), the self-steepening (SS), nonlinear
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dispersion (ND), respectively. F is a self-phase modulation function which is in a nonlinear form. So, it effects the
nonlinearity of Eq. (2).

In this work, we will study on exact solutions of Eq. (2) with respect to the various types of F function that are
given by Eq. (3).

F(u) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

bu, Kerr law

bun, Power law

b1u + b2u2, Parabolic law

b1un
+ b2u2n, Dual-power law

b1u + b2u2
+ b3u3, Polynomial law

b1un
+ b2u2n

+ b3u3n, Triple power law

b1u + b2u2
+ b3u−2, Anti-cubic law

b1un
+ b2un+1

+ b3u−(n+1), Generalized Anti-cubic law

b1
√

u + b2u, Quadratic–cubic law

b (u)xx , Non-local law

b1u + b2u2
+ b3 (u)xx , Parabolic–Nonlocal combo law

(3)

Almost all types of modifications are given by Eq. (3). Additionally, the significant point is the generalization
of the F function i.e. when all the types given in Eq. (3) wanted to proposed in one function, it may be

F(u) = b1un
+ b2u2n

+ b3u3n
+ b4 (u)xx , n ∈ R. (4)

Since the nonlinear Schrödinger equation (NSE) has the Benjamin–Feir instability [25] proposed as one of
the mechanisms for rogue wave generation [6], the NSE has been extensively studied as a model for extreme
wave behavior. Many methodologies have been considered to obtain the solutions of various types of nonlinear
Schrödinger equation [1–5,7–10,12–14,23,24,31,32,35,36,38,39]. The dark and singular solitons of Schrödinger
equation with non-Kerr-law nonlinearity were investigated by Biswas et al. and Jawad et al. [7,35], asymptotic
solutions of modified NSE were obtained by Kitaev et al. [9], many works can be seen in Refs. [15,20]. In this
work, the novel exact solutions including rogue waves of Eq. (2) for each function F given by Eq. (3) are obtained
via Bernoulli approximation method which is ansatz depended method, for details Refs. [26–29] should be read
and also, in the second section the brief methodology is given. In third section, the obtained solutions by Bernoulli
approximation method are proposed and supported by the 3D-, 2D- and contour plots.

2. Brief of the methodology

As mentioned above, Bernoulli equation method is ansatz-based method like Riccati equation method. Bernoulli
equation is best known nonlinear ordinary differential equation (NODE) after Riccati differential equation. The
Bernoulli type differential equation is

z′ (ζ ) = P (ζ ) z (ζ ) + Q (ζ ) z2 (ζ ) , (5)

where P (ζ ) and Q (ζ ) are arbitrary functions [33,34] so Eq. (5) is not classical Bernoulli equation. When the
arbitrary functions are constant, the equation is reduced to Bernoulli differential equation.

To solve nonlinear partial differential equation (NPDE), firstly NPDE has to be reduced to NODE via wave
transformation; secondly using balancing principle the degree of the ansatz Φ (ζ ) =

∑N
i=0 gi zi (ζ ) i.e. N is

determined, where gi are parameters, it is clear that z (ζ ) is the solution of Bernoulli differential equation. Finally,
substitute Bernoulli differential equation and the ansatz into NODE to obtain algebraic system for obtaining the
parameters.

As seen in the procedure of the methodology, it is same as the well-known methods like Riccati equation method,

tanh method, auxiliary equation method, etc. [11,12,16–19,21,22,30,37,40,41].
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Fig. 1. (a) 3D, (b) contour and (c) 2D plots (at t = 0, 0.2, 0.4, 0.6, 0.8) of the modulus of the exact wave solution of Φ+(x, t) with Kerr
aw when P = 2, α = 1, a = 1, b = 1, λ = 2, κ = −1.5, g1 = 2, θ0 = 0, C1 = 1.

. Solutions

To solve Eq. (2) with the various F function like in Eq. (3), firstly the complex wave transformation Φ (x, t) =

(ζ ) exp (iϕ (x, t)) is considered where ζ = x − ct , ϕ (x, t) = −κx + ωt + θ0 i.e.

Φ (x, t) = Ψ (x − ct) exp (i (−κx + ωt + θ0)) (6)

nd κ, ω, θ0, c are frequency, the wave number, phase constant, the velocity of the soliton, respectively.
As a result, Eq. (1) is reduced into two equations due to real and imaginary parts, respectively.

aΨ ′′
−
(
ω + aκ2

+ ακ
)
Ψ + F

(
Ψ 2)Ψ − κλΨ 2m+1

= 0 (7)

here F function is determined in Eq. (4).

(c + 2aκ + α)Ψ ′
+ (λ (2m + 1) + 2mv)Ψ ′Ψ 2m

= 0, (8)

hich gives two algebraic equations c + (2aκ + α) = 0 and λ (2m + 1) + 2mv = 0 which will be used in the
onsidered method. The second one is the relation between nonlinearity and self-stepping. Additionally, to satisfy
he integrability condition, generally m = n is chosen.

Applying the procedure of Bernoulli equation method as mentioned previous section, the solutions are obtained
or each F function, the obtained parameters and 3D-, 2D- and contour plots are given below.

ase 1. Kerr Law when m = 1.

c = − (2aκ + α) , g0 = ±P
√

a
2(κλ − b)

, v = −
3λ

2
, ω = −(aκ2

+α κ+
1
2

a P2), Q = ∓

√
−

b − κλ

2a
g1.

(9)

So, the soliton solution is given by

Φ± (x, t) = ±P
√

a
2(κλ − b)

+ g1

⎛⎝ P

PC1 exp (−P(x + (2aκ + α) t)) ∓ b1

√
κλ−b

2a

⎞⎠
× exp

(
i
(

−κx − (aκ2
+ α κ +

1
2

a P2)t + θ0

))
.

(10)

Fig. 1 represents the exact wave solution as soliton solution given by Eq. (10) with the parameters P = 2, α =

, a = 1, b = 1, λ = 2,κ = −1.5, g1 = 2, θ1 = 0 when C1 = 1. The 3D, contour and 2D plots of
⏐⏐Φ+ (x, t)

⏐⏐ are
hown in Fig. 1(a), (b) and (c), respectively.

1 .
ase 2 Power Law when m = n = 2
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Fig. 2. (a) 3D, (b) contour and (c) 2D plots (at t = 0, 0.2, 0.4, 0.6, 0.8) of the modulus of the exact wave solution as a peaked rogue
ave of Φ1(x, t) with Power Law when P = 2, α = 2, a = 1, b = 1, λ = −2, κ = 1.5, g0 = 1, g1 = 2, θ0 = 1,C1 = 1.

The parameters are obtained as;
Set 1.

c = − (2aκ + α) , g0 = 0, g2 = −
b2

1 (b − κλ)

6a P2 , v = −2λ, ω = a P2
− aκ2

− α κ, Q = −
g1 (b − κλ)

6a P
.

(11)

Set 2.

c = − (2aκ + α) , g0 = −
a P2

b − κλ
, g2 = −

g2
1 (b − κλ)

6a P2 , v = −2λ, ω = a P2
− aκ2

− α κ,

Q = −
g1 (b − κλ)

6a P
.

(12)

When the parameters are substituted, the exact wave solutions are obtained as

Φ1 (x, t) =

(
b1 P

PC1 exp (−P(x + (2aκ + α) t)) −
b1(b−κλ)

6a P(
P

PC1 exp (−P(x + (2aκ + α) t)) −
b1(b−κλ)

6a P

)2
⎞⎠ exp

(
i
(
−κx − (a P2

− aκ2
− α κ)t + θ0

))
,

(13)

nd

Φ2 (x, t) =

(
−

a P2

b − κλ
+

b1 P

PC1 exp (−P(x + (2aκ + α) t)) −
b1(b−κλ)

6a P(
P

PC1 exp (−P(x + (2aκ + α) t)) −
b1(b−κλ)

6a P

)2
⎞⎠ exp

(
i
(
−κx − (a P2

− aκ2
− α κ)t + θ0

))
.

(14)

Fig. 2 represents the exact wave solution given by Eq. (13) with the parameters P = 2, α = 2, a = 1, b =

, λ = −2, κ = 1.5, g0 = 1, g1 = 2, θ0 = 1, when C1 = 1. The 3D, contour and 2D plots of |Φ1 (x, t)| are shown
n Fig. 2(a), (b) and (c), respectively.
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F
2
C

Case 3 Dual-power Law
When m = 1, the equation has parabolic law nonlinearity. The parameters are hold as

c = − (2aκ + α) , v = −
3λ

2
, g0 =

√
15b2 (−b1 + κλ)

5b2
,

g1 =
2C1

√
15b2 (−b1 + κλ)

23b2
exp

(
−

ζ (−b1 + κλ)
√

−6b2a
5b2a

)

Q(ζ ) = ±
2C1

√
30b2 (−b1 + κλ) a (b1 − κλ)

46b2a
exp

(
−

ζ (−b1 + κλ)
√

−6b2a
5b2a

)
,

P(ζ ) = ±

√
30b2 (−b1 + κλ) (3b1 − 3κλ)

15b2
√

a (5b1 − 5κλ)
.

. (15)

As a result, the solution is

Φ (x, t) =

15 (κλ − b1)
√

15
(

exp
(

(κλ−b1)(2aκt+αt+x)
√

−6ab1
5ab2

)
−

23
15 exp

(
(κλ−b1)(2aκt+αt+x)

√
6b2(κλ−b1)

5b2
√

−a(κλ−b1)

))
√

6b2 (κλ − b1)

(
125 exp

(
(κλ−b1)(2aκt+αt+x)

√
−6ab1

5ab2

)
− 115 exp

(
(κλ−b1)(2aκt+αt+x)

√
6b2(κλ−b1)

5b2
√

−a(κλ−b1)

))
× exp

(
−i

25b2 (κ (x + (aκ + α) t) − θ0) + 6 (κλ − b1)
2 t

25b2

)
(16)

Also, if m = n =
1
2 , then the parameters are hold as

Q (ζ ) = ±
g1

√
−2ab2

2a
, c = − (2aκ + α) , v = −2λ, ω = −κ (aκ + α) , b1 = κλ, g0 = 0

P(ζ ) = tanh

⎛⎝ (ζ + C1)

√
aακ − 3ab2g2

0 + aω + a2κ2

a

⎞⎠
√

aακ − 3ab2g2
0 + aω + a2κ2

a

. (17)

Hence, the solution is

Φ (x, t) = −
ag1 exp

(
i
(
−κx −

(
aκ2

+ ακ
)

t + θ0
))

−2g1 (x + (2aκ + α) t)
√

2aκλ − aC1
. (18)

ig. 3 represents the rogue waves in periodic form given by Eqs. (16) and (18) with the parameters a = 1, α =

, λ = 2, κ = −1, θ0 = 1, g1 = 1, b1 = −1, b2 = 2 and a = −1, α = 2, λ = 1, κ = 1, θ0 = 1, g1 = 1 when
1 = 1, C2 = 1, respectively. The 3D, contour and 2D plots of real part of Φ (x, t) are shown in Fig. 3i–ii (a), (b)

and (c) for each solution, respectively.

Case 4 Triple-power law:
When m =

1
2 , the equation has polynomial law nonlinearity. The parameters are hold as

P (ζ ) = ∓

(
35b3g4

0 − 70b3g5
0 + b1

)√
3

4
√

−a
(
21b3g2

0 − 7b3g3
0

) , Q (ζ ) = ±

g2
1

√
−3a

(
21b3g2

0 − 7b3g3
0

)
3a

, c = − (2aκ + α) , b2 = −7b3g3
0 ,

λ = −
11291g8

0 b2
3 − 1106b1b3g4

0 + 3b2
1

672κb3g3
0

, v =
11291g8

0 b2
3 − 1106b1b3g4

0 + 3b2
1

336κb3g3
0

,

ω = −
7259g8

0 b2
3 − 434b1b3g4

0 + 3b2
1 + 672κb3g2

0 (aκ + α)

672κb3g3
0

,

g1 = ±

−105b3g4
0 + 3b1 +

√
exp

(
3ξ(−35b3 g4

0 +b1)
4
√

−42ab3 g2
0

)
C1b3g4

0

(
−1152480b3g4

0 + 32928b1
)
+ 11025g8

0 b2
3 − 630b1b3g4

0 + 9b2
1

3

(19)
784b3g0
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1
1
(

C

Therefore, the solution is

(20)

Also, if m = n =
1
2 , then the parameters are hold as

c = − (2aκ + α) , v = −3λ, ω = −
6aκ2g2 + 6ακg2 − b1g2

1 + κλg2
1

6g2
, b2 = 0, b1 = 0, g0 =

g2
1

g2
,

Q (ζ ) = ±

√
6ag2

(
−6b3g2

0 g2
2 − 12b3g0g2

1 g2 − b3g4
1 − 3b2g0g2

2 − 3b2g2g2
1 − g2

2 (b1 − κλ)
)

6ag2
.

P (ζ ) = ±
g1

√
6
(
−5b1g2

2 + 5g2
2κλ − 30b3g2

0 g2
2 + b3g4

1 − 15b2g0g2
2

)
30g2

√
ag2

(
−6b3g2

0 g2
2 − 12b3g0g2

1 g2 − b3g4
1 − 3b2g0g2

2 − 3b2g2g2
1 − g2

2 (b1 − κλ)
)

(21)

With the obtained parameters, the solution is

Φ (x, t) =

g2
1 exp

(
−i
(

(6κ((aκ+α)t+x)−6θ0)g2+g2
1(κλ−b1)t

6g2

))(
g2 exp

(
g1g2(2aκt+αt+x)

√
6(κλ−b1)

6
√

ag3
2(κλ−b1)

)
+ C1g1

)2

6g2

(
g2 exp

(
g1g2(2aκt+αt+x)

√
6(κλ−b1)

6
√

ag3
2(κλ−b1)

)
− C1g1

)2 . (22)

Fig. 4 represents the exact wave solutions given by Eqs. (20) and (22) with the parameters a = 0.1, α = −2, κ =

, b1 = 1, b3 = −0.1, g0 = −1, θ0 = 1, C1 = 0.1 and a = 1, α = 2, λ = −2, κ = 1, θ0 = 1, C1 = 1, C2 = 1, g1 =

, g2 = −1, b1 = 1, respectively. The 3D, contour and 2D plots of real part of Φ (x, t) are shown in Fig. 4i–ii (a),
b) and (c) for each solution, respectively.

ase 5 Generalized anti-cubic Law:
When m =

1
2 , the equation has anti-cubic law nonlinearity. The parameters are hold as

Q (ζ ) = ±

g1

√
−2a

(
20g2

0b2 + b1
)

2a
, P (ζ ) = ±

(
−3b1g0 + 28b2g3

0 + κλ
)√

2

3
√

−2a
(
20g2

0b2 + b1
) , g0 =

2κλ

3b1
,

C1 =
7g1

8 exp
(

±
2
3ζκλ

√
−

3g0
4aκλ

) , c = −
3aκ2

− g0κλ − 3ω

3κ
, v = −3λ, α = −

3aκ2
+ g0κλ + 3ω

3κ

(23)
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Fig. 3. (i) (a) 3D, (b) contour and (c) 2D plots (at t = 0, 0.2, 0.4, 0.6, 0.8) of the modulus of the exact wave solution of Φ (x, t) with
arabolic Law when a = 1, α = 2, λ = 2, κ = −1, θ0 = 1, g1 = 1, b1 = −1, b2 = 2.
ii) (a) 3D, (b) contour and (c) 2D plots (at t = 0, 0.2, 0.4, 0.6, 0.8) of the modulus of the exact wave solution of Φ (x, t) with Dual-Power
aw when a = −1, α = 2, λ = 1, κ = 1, θ0 = 1, g1 = 1 when C1 = 1, C2 = 1, respectively.

o, the solution is

Φ (x, t) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2κλ

3b1
+

2g1

(
224b2κ3λ3

27b3
1

κλ

)

exp

⎛⎜⎜⎜⎜⎜⎜⎝−

2

(
224b2κ3λ3

27b3
1

κλ

)⎛⎜⎜⎝
(

3aκ2−
2κ2λ2

3b1
−3ω

)
t

3κ
+x

⎞⎟⎟⎠
3

√−2a

(
112κ2λ2b2

9b2
1

+b1

)

⎞⎟⎟⎟⎟⎟⎟⎠
exp

⎛⎝2κλ

⎛⎝
(

3aκ2−
2κ2λ2

3b1
−3ω

)
t

3κ
+x

⎞⎠√ −1
2ab1

/3

⎞⎠
(

196κ2λ2b2g1
9b2

1
−

21b1g1
8

)
+

112κ2λ2b2g1
3b2

1
+ 3b1g1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
× exp i −κx + ωt + θ (24)
( ( 0))
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P
(
Φ

Fig. 4. (i) (a) 3D, (b) contour and (c) 2D plots (at t = 0, 0.2, 0.4, 0.6, 0.8) of the modulus of the exact wave solution of Φ (x, t) with
olynomial Law when b1 = 1, b3 = 1, g0 = −1, θ0 = 1.
ii) (a) 3D, (b) contour and (c) 2D plots (at t = 0, 0.2, 0.4, 0.6, 0.8) of the modulus of the exact wave solution in a rogue wave form of
(x, t) with Triple-Power Law when a = 1, α = 2, λ = −2, κ = 1, θ0 = 1, C1 = 1, C2 = 1, g1 = 1, g2 = −1, b1 = 1, respectively.

Also, if m = n =
1
2 , then the parameters are hold as

P (ζ ) = ζ 2, Q (ζ ) =
4ζg1b2

3
(
−5ζb5

2bb
)1/6 , C1 = −

g1b2

(
16π35/6ζ 2

− 24Γ
(

2
3

)
Γ
(

1
3 , − 2

5

)
31/3ζ 2

+ 45Γ
(

2
3

)
e2/5

)
54
(
−5ζb5

2bb
)1/6

Γ
(

2
3

) ,

c = − (2aκ + α) , v = −2λ, b1 = aκ2
+

32
ζa + ακ + κλ + ω, g0 =

(
−5ζb5

2bb
)1/6

. (25)
45 b2
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−

1
(

C

As a result, the solution is obtained as

Φ (x, t) =

(
−5 (x − (2aκ + α) t) b5

2bb
)1/6

exp (i (κx + ωt + θ0))

b2

+

(
9g1Γ

(
2
3

)(
− (x − (2aκ + α) t)3

)1/3
exp

(
(x − (2aκ + α) t)3

3

))
exp (i (κx + ωt + θ0))

×

⎛⎜⎜⎜⎜⎜⎜⎜⎝

⎛⎝−24 (x − (2aκ + α) t)3 g155/6b2Γ
(

1
3 , −

(x−(2aκ+α)t)3

3

)
31/3Γ

(
2
3

)
+ 16 (x − (2aκ + α) t)3 g155/6b235/6π

+g1
(
− (x − (2aκ + α) t)3)1/3

55/6b2

(
(x − (2aκ + α) t)2

(
16π35/6

− 24Γ
(

2
3

)
Γ
(

1
3 , − 2

5

)
31/3

)
+ 45Γ

(
2
3

)
e2/5

)
⎞⎠

30
(
− (x − (2aκ + α) t) b3b5

2
)1/6

⎞⎟⎟⎟⎟⎟⎟⎟⎠

−1

(26)

Fig. 5 represents the exact wave solutions given by Eqs. (24) and (26) with the parameters a = 1, α = −2, ω =

1, λ = −2, κ = 1, θ0 = 1, b1 = 1, b2 = 1, g1 = 1 and a = −1, α = −0.5, b2 = 1, b3 = 1, ω = 1, κ = −1, θ0 =

, g1 = 1, respectively. The 3D, contour and 2D plots of real part of Φ (x, t) are shown in Fig. 5i–ii (a), (b) and
c) for each solution, respectively.

ase 6 Quadratic–cubic Law: The parameters are obtained as

P(ζ ) = −1, a =
2
3

bg2
0, c = −

4
3

bg2
0κ − α, v =

b
κ

, ω =
2
3

bg2
0 (1 − κ) − ακ, λ = −

2b
3κ

,

C1 = −

g1

(
−i

√
2 + 2

)
6g0 exp (ζ )

, Q (ζ ) = ±
g1

√
2aκλ

2a

(27)

and the solution is hold as

Φ (x, t) =

g2
0C1 exp

(
−

i
((

a2g2
0+(aκ+α)κ

)
t+κx−θ0

)
√

−ab2−((2aκ+α)t+x)g0b2
√

2

2
√

−ab2

)
g0C1 exp

(
((2aκ+α)t+x)g0b2

√
2

2
√

−ab2

)
− g1

. (28)

Fig. 6 represents the exact wave solutions given by Eq. (28) with the parameters α = 0.2, b = −1, g0 = −0.1, g1 =

−1, κ = 1, θ0 = 2. The 3D, contour and 2D plots of real part of Φ (x, t) are shown in Fig. 6(a), (b) and (c) for
each solution, respectively.

Case 7 Parabolic–Nonlocal combo Law: In the view of the previous cases, two types of nonlinearities are obtained.
In the case of m = 1 and b1 = b2 = 0, the equation has nonlocal law nonlinearity. The parameters are hold as

P (ζ ) = −

bg1 + 2bg0 Q(ζ ) ±

√
b2g2

1 − 4b2g0g1 Q(ζ ) + 4b2g2
0 Q(ζ )2 + 2bκλg2

1 − 4baQ(ζ )2

2bg1
,

Q(ζ ) =

7g1

(
65 − 7

√
145

)
576g0

, v =

b
(

2933 + 413
√

145
)

5184κ
,

ω =
47
54

bg2
0 −

59
27

bg2
0

(
65 − 7

√
145

)
288

+
40
21

bg2
0κ

2
− ακ,

λ = −

b
(

2933 + 413
√

145
)

7776κ
, g1 = −

15g0C1

(
169 + 15

√
145

)
508 exp

(
−

7ζ
√

) .

(29)
−1+ 145
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Fig. 5. (i) (a) 3D, (b) contour and (c) 2D plots (at t = 0, 0.2, 0.4, 0.6, 0.8) of the modulus of the exact wave solution in a periodic form
f Φ (x, t) with Anti-cubic Law when a = 1, α = −2, ω = −1, λ = −2, κ = 1, θ0 = 1, b1 = 1, b2 = 1, g1 = 1.
ii) (a) 3D, (b) contour and (c) 2D plots (at t = 0, 0.2, 0.4, 0.6, 0.8) of the modulus of the exact wave solution in one-fold rogue wave
orm of Φ (x, t) with generalized anti-cubic Law when a = −1, α = −0.5, b2 = 1, b3 = 1, ω = 1, κ = −1, θ0 = 1, g1 = 1, respectively.

nd the solution is hold as

Φ (x, t) =

⎛⎜⎜⎝g0 + g1
S
(
4Abg0g1 − κλg2

1 + 2A2a
)(

2A2bg0g1 + Abg2
1 + Ag1

√
4A2b2g2

0 − 4Ab2g0g1 + 2bκλg2
1 − 4A2ab + b2g2

1

)
S + C1

(
4Abg0g1 − κλg2

1 + 2A2a
)
⎞⎟⎟⎠

× exp (i (κx + ωt + θ0)) ,

S = exp

⎛⎜⎜⎝−

(
2Abg0 + bg1 −

√
4A2b2g2

0 − 4Ab2g0g1 + 2bκλg2
1 − 4A2ab + b2g2

1

)
(x − ct)

2bg1

⎞⎟⎟⎠ .
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Fig. 6. (a) 3D, (b) contour and (c) 2D plots (at t = 0, 0.2, 0.4, 0.6, 0.8) of the modulus of the exact wave solution of Φ (x, t) as a peaked
ogue wave form with Quadratic–cubic Law when α = 0.2, b = −1, g0 = −0.1, g1 = −1, κ = 1, θ0 = 2.

(30)

Also, if m = 1 and b1 ̸= 0, b2 ̸= 0, b3 ̸= 0, the equation has parabolic–nonlocal law nonlinearity. The parameters
re hold as

Q (ζ ) = ±
g1

√
−b2b3

2b3
, P (ζ ) = ∓

b2g0
√

−b2b3
, c = − (2aκ + α) , v = −

3λ

2
, ω = −aκ2

− ακ − b2g4
0

g0 = −

(
aκ2

+ ακ + ω
)

b3

√
−2

(
2b3

√
−b3b2 − ab2

)
2b3

√
−b3b2 − ab2

,

ω =

(
−4b3

3 − 4b2
3

(
aκ2

+ ακ
)
+ 2ab3 (κλ − b1) + a2b2

)√
−b3b2 + 4b2

3 ((κλ − b1) + ab2)

4b2
3
√

−b3b2
.

(31)

Therefore, the solution is given as

Φ (x, t) =

⎛⎜⎜⎝−

(
aκ2

+ ακ + ω
)

b3

√
−2

(
2b3

√
−b3b2 − ab2

)
2b3

√
−b3b2 − ab2

−

g1

√(
aκ2 + ακ + ω

)
b3

√
−2

(
2b3

√
−b3b2 − ab2

)
(
2b3

√
−b3b2 − ab2

)
exp

(
−

2b2b3(aκ2+ακ+ω)((2κa+α)t+x)C1

(2b3
√

−b3b2−ab2)
√

−b3b2
− g1

)
⎞⎟⎟⎠

× exp (i (−κx + ωt + θ0))

(32)

Fig. 7 represents the exact wave solutions given by Eqs. (30) and (32) with the parameters α = 0.2, b = 2, κ =

, θ0 = 1, g0 = −0.5, C1 = 1 and a = 1, α = −2, λ = −2, κ = 1, θ0 = 1, b1 = −1, b2 = 1, b3 = 1, g1 =

1, C1 = −1, respectively. The 3D, contour and 2D plots of real part of Φ (x, t) are shown in Fig. 7i–ii (a), (b)
nd (c) for each solution, respectively.

ase 8 Generalized form for F(u) = b1un
+ b2u2n

+ b3u3n
+ b4 (u)xx includes previous nonlinearity cases which

re given following Table 1.
Now, Eq. (3) is considered for the nonzero coefficients b1, b2, b3, b4, n and the given procedure is applied to

btain the solutions of Eq. (1) with Eq. (3).
Applying the given procedure, the solution set is obtained as follows;

c = −(2aκ + α), v = −
3λ

, ω = −κ (aκ + α) , b1 =
3κλb4 + ab2

. (33)

2 3b4
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Fig. 7. (i) (a) 3D, (b) contour and (c) 2D plots (at t = 0, 0.2, 0.4, 0.6, 0.8) of the modulus of the exact wave solution of Φ (x, t) with
onlocal Law when α = 0.2, b = 2, κ = 1, θ0 = 1, g0 = −0.5, C1 = 1.
ii) (a) 3D, (b) contour and (c) 2D plots (at t = 0, 0.2, 0.4, 0.6, 0.8) of the modulus of the exact wave solution of Φ (x, t) with
arabolic-nonlocal-combo Law when a = 1, α = −2, λ = −2, κ = 1, θ0 = 1, b1 = −1, b2 = 1, b3 = 1, g1 = −1, C1 = −1, respectively.

he solution is hold

Φ (x, t) =

⎛⎜⎜⎜⎜⎜⎜⎝g0 +
2g1g0b2

2g0b2C1 exp

⎛⎝ 2g0b2((2κa+α)t+x)√
−6b4

(
21b3g2

0+b2

)
⎞⎠− 21b3g2

0 g1 − b2g1

⎞⎟⎟⎟⎟⎟⎟⎠ exp (i (−κ (x + (aκ + α) t) + θ0)) .

(34)

Fig. 8 represents the exact wave solutions as rogue wave given by Eq. (34) with the parameters a = 1, α =

2, λ = −2, κ = 5, b2 = 1, b3 = −1, b4 = −1, g0 = 0.00001, g1 = −2, C1 = −2, θ0 = −2. The 3D, contour and
D plots of real part of Φ x, t are shown in Fig. 8(a), (b) and (c) for each solution, respectively.
( )
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Table 1
Reductions of Eq. (3) due to coefficients b1, b2, b3, b4, n.

b2 = b3 = b4 = 0, b1 = b bun, Power law

b3 = b4 = 0, n = 1 b1u + b2u2, Parabolic law

b3 = b4 = 0 b1un
+ b2u2n, Dual-power law

b4 = 0, n = 1 b1u + b2u2
+ b3u3, Polynomial law

b4 = 0 b1un
+ b2u2n

+ b3u3n, Triple power law

b3 = b4 = 0, n =
1
2 b1

√
u + b2u, Quadratic–cubic law

b1 = b2 = b3 = 0, b4 = b b (u)xx , Non-local law

b3 = 0, n = 1 b1u + b2u2
+ b4 (u)xx , Parabolic–Nonlocal combo law

Fig. 8. (a) 3D, (b) contour and (c) 2D plots (at t = 0, 0.2, 0.4, 0.6, 0.8) of the modulus of the exact wave solution of Φ (x, t) as a periodic
ogue wave form with F(u) = b1un

+ b2u2n
+ b3u3n

+ b4 (u)xx when a = 1, α = −2, λ = −2, κ = 5, b2 = 1, b3 = −1, b4 = −1, g0 =

.00001, g1 = −2, C1 = −2, θ0 = −2.

The solution sets include one of the reduced cases when b3 = 0 that correspond to parabolic non-local combo
aw. Additionally, one new case is obtained for b1 = 0, b3 = 0

C1 =
5g1

14g0 exp
(

g0ζ
√

6

3b4
√

−(b2b4)−1

) , a = −
b4
(
−4b2g2

0 + 3κλ
)

b2
, c = −

8κb2b4g2
0 − 6κ2λb4 + αb2

b2
,

v = −
3λ

, ω = −
4κ2b2b4g2

0 − b2
2g4

0 − 3κ3λb4 + κλb2g2
0 + ακb2

, b1 = 0, b3 = 0.

(35)
2 b2
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Fig. 9. (a) 3D, (b) contour and (c) 2D plots (at t = 0, 0.2, 0.4, 0.6, 0.8) of the modulus of the exact wave solution of Φ (x, t) as one-fold
ogue wave form with F(u) = b2u2n

+ b4 (u)xx when α = −2, λ = −2, κ = 1, θ0 = 1, b2 = 1, b4 = −1, g0 = 1, g1 = −1.

nd its solution is given as follows

Φ (x, t) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝
g0

⎛⎝5 exp

⎛⎝−

2g0
√

6
(

−

((
4κb4g2

0
3 +

α
6

)
t+ x

6

)
b2+κ2λb4t

)
√

−b2b4

⎞⎠+ 7 exp
(

g0
√

6
(
8κtb2b4g2

0−6κ2λtb4+αtb2+xb2
)

3
√

−b2b4

)⎞⎠
5 exp

⎛⎝−

2g0
√

6
(

−

((
4κb4g2

0
3 +

α
6

)
t+ x

6

)
b2+κ2λb4t

)
√

−b2b4

⎞⎠− 7 exp
(

g0
√

6
(
8κtb2b4g2

0−6κ2λtb4+αtb2+xb2
)

3
√

−b2b4

)

⎞⎟⎟⎟⎟⎟⎟⎟⎠
× exp

(
i

(
g4

0b2
2 +

((
4κ2b4g2

0 + α
)
κt − κx + θ0

)
b2
)
+ 3κ3tλb4

b2

)
. (36)

Fig. 9 represents the exact wave solutions as one-fold rogue waves given by Eq. (36) with the parameters
= −2, λ = −2, κ = 1, θ0 = 1, b2 = 1, b4 = −1, g0 = 1, g1 = −1. The 3D, contour and 2D plots of real

art of Φ (x, t) are shown in Fig. 9. (a), (b) and (c) for each solution, respectively.

. Conclusion

The generalized form of modified nonlinear Schrödinger equation (Eq. (2)) has been modified due to the
nadequacy of the classical NSE. Therefore, many modifications of NSE have been seen in the literature due to the
onlinearities. In this paper, the generalized form of modified nonlinear Schrödinger equation with various types
f nonlinearities is proposed. As a significant point, generalized nonlinearity is proposed which includes many
onlinearities. To obtain exact solutions, Bernoulli equation method, which is one of the ansatz-based methods, is
onsidered. The rogue waves, solitons, and periodic solutions are all represented as a result. The results will be
onsidered for the new application areas of the generalized form of modified NSE.
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