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SPECTRAL PROBLEM FOR THE STURM-LIOUVILLE OPERATOR
WITH RETARDED ARGUMENT CONTAINING A SPECTRAL
PARAMETER IN THE BOUNDARY CONDITION

E. Sen', M. Acikgoz?, and S. Araci’ UDC 517.9

We consider a discontinuous Sturm-Liouville problem with retarded argument containing a spectral pa-
rameter in the boundary condition. First, we investigate the simplicity of eigenvalues and then prove the
existence theorem. As a result, we obtain the asymptotic formulas for eigenvalues and eigenfunctions.

1. Preliminaries

The boundary-value problems for differential equations of the second order with retarded argument were
studied in [1-9]. Various physical applications of these problems can be found in [2]. The asymptotic formulas
for the eigenvalues and eigenfunctions of boundary-value problems of the Sturm-Liouville type for the second-
order differential equations with retarded argument were obtained in [1, 2, 5-9]. The asymptotic formulas for the
eigenvalues and eigenfunctions of the classical Sturm-Liouville problem with spectral parameter in the boundary
condition were obtained in [10-13].

In the present paper, we study the eigenvalues and eigenfunctions of a discontinuous boundary-value problem
with retarded argument and spectral parameter in the boundary condition. This means that we consider a boundary-
value problem for the differential equation

p(@)y"(z) + q(@)y(x — Az)) + Ay(z) =0 (1.1)

on [0,71) U (r1,72) U (re, 7| , with boundary conditions

y'(0) =0, (1.2)
Y (7) + Ay(m) =0, (1.3)
and jump conditions
my(r1 —0) = d1y(r1 + 0), (1.4)
2y (r1 — 0) = d2y/ (11 + 0), (1.5)
O1y(r2 — 0) = my(r2 +0), (1.6)
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fay' (r2 — 0) = nay(r2 4 0), (1.7)

where p(z) = p? for x € [0,71), p(z) = p3 for x € (r1,72), and p(x) = p3 for x € (ro, 7] ; the real-valued
function ¢(z) is continuous in [0,71) U (71, 72) U (r2, 7] and has the finite limits

q(r1£0) = lim g¢(z) and g¢(re£0)= lim q(z);

r—7r110 x—ro+0

the real valued function A(x) > 0 is continuous in [0,71) U (1, 72) U (r2, 7] and has the finite limits

A(r1£0)= lim A(z) and A(re£0)= lim A(z);

x—r120 x—1ro+0

x — A(x) > 0 for z € [0, g), x — Ax) > g for z € (g,w}; A is a real spectral parameter; py, p2, ps3,
Y1, Y2, 01, 02, 01, B2, n1, and 7 are arbitrary real numbers; |v;| + |0;| # 0, and |0;| + |n;| # 0 for i = 1,2.
Moreover, the equalities y1dap1 = Y201p2 and O119p2 = fom1ps3 are true.

It is worth noting that some problems with jump conditions encountered in mechanics ( a problem with thermal
condition for a thin laminated plate) were studied in [14].

Let wy(z, A) be a solution of Eq. (1.1) on [0, r;] satisfying the initial conditions

w1(0,\) =1, w}(0,\) = 0. (1.8)

Conditions (1.8) define a unique solution of Eq. (1.1) on [0, 71] [2, p. 12].
After defining the indicated solution we define the solution ws (z, A) of Eq. (1.1) on [ri, 2] by using the
solution w; (x, A) with the initial conditions

wa (r1,\) = ’yléflwl (ri,A), wh(ry, \) = '72(52_1w’1 (ri, A). (1.9

Conditions (1.9) are determined as a unique solution of Eq. (1.1) on [r1,79] .
After defining the indicated solution, we determine the solution ws (z, A) of Eq. (1.1) on [rq, 7] by using the
solution ws (x, \) and the initial conditions

ws (ro, \) = Glnflwg (ro, A), wé(rg, A) = ngglwé(rg, A). (1.10)

Conditions (1.10) are defined as the unique solution of Eq. (1.1) on [rg, 7].
Consequently, the function w (x, ) defined on [0,71) U (71, 72) U (r2, 7] by the equality

wy(z,N), x€0,71),
w(xz,\) = §wa(z,\), € (r;,r),

wg(l',)\), S (TQ,W],

is a solution of Eq. (1.1) on [0,71) U (r1,72) U (r2, 7] satisfying one of the boundary conditions and both trans-
mission conditions.

Lemma 1.1. Ler w (z, \) be a solution of Eq. (1.1) and let X\ > 0. Then the following integral equations
are true:
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T

1
wl(:c,)\)—cossx—/q(q—)sins(m—T)wl (1 —A(7),\)dr, s=VA, A>0, (1.11)
b1 s ) b1 b1

72]?211/1 (r1,A)

wa(x, ) = %wl (rl,/\)cosi(x—h)+ sini(:r—m)

1 D2 502 D2
1 ’ q(t) . s
—— | =—%sin—(x — 1)wa (1 — A (1), \) dr, s=VA, A>0, (1.12)
§ D2 D2

m ps3 S12 p3

—1/Q(T)sinS(x—T)wg(T—A(T),/\)dT, s=vVXA A>0. (1.13)
S p3 p3

T2

Proof. To prove this, it is sufficient to substitute

2 2

_S—2w1(7, A) —wi (T, ), —S—ng(T, A) —wh (T, ),
Y4 D
and
2
——ng(T, A) wg(T, A)
D3
for
1D A, Do a@), ad — DDA,
pr P p3

in the integrals in (1.11), (1.12), and (1.13), respectively, and integrate these equations by parts twice.
Theorem 1.1. Problem (1.1)—(1.7) may have only simple eigenvalues.

Proof. Let ) be an eigenvalue of problem (1.1)—(1.7) and let
ifl(x,X), x € [0,7r1),

a(x7 )\> = ZLE(J/‘, )‘)7 HAS (rla T2)7

{LE(ZE,A), T € (TQaﬂ-]a
be the corresponding eigenfunction. Then it follows from (1.2) and (1.8) that the determinant

N . (0,0 1
W[al(o,x),wl(o,A) - =0
70,3 0
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Moreover, by Theorem 2.2.2 in [2] the functions u; (=, X) and wy(z, \) are linearly dependent on [0,71]. We can
also prove that the functions 3 (x, A) and wy(z, \) are linearly dependent on [r1, 73] and the functions @s(z, \)
and ws(x, )\) are linearly dependent on [ry, 7r|. Hence,

Uiz, \) = Kawi(z,\), i=1,2,3, (1.14)

for some K1 # 0, Ko # 0, and K3 # 0. We first show that Ko = K3. Suppose that Ko # K3. It follows from
equalities (1.6) and (1.14) that

017i(r2 — 0,X) — mi(ra + 0, \) = 01uz(ra, A) — mus(ra, \)
= 91K2w2(r2,X) — 7’]1K3U)3(7”2,X)
= 91K21719f1w3(r2,X) — 771K3w3(’l“2,}:)
= (K — K3) ws(ra, \) = 0.
Since m; (Ko — K3) # 0, we obtain
ws (TQ,X) —0. (1.15)
By using the same procedure arising from (1.7), we conclude that

w) (TQ,X) —0. (1.16)

It follows from the fact that ws(z, \) is a solution of the differential equation (1.1) on [rg, 7] and satisfies the
initial conditions (1.15) and (1.16) that ws(z, \) = 0 identically on [rg, 7| (cf. [2, p. 12], Theorem 1.2.1).
By using the same procedure, we can also find

w1 (rl,x> = w'l (rl,X) = Wy (TQ,X) = w'2 (TQ,X) =0.
Thus, we get
wo(z,A) =0 and wy(z,\) =0
identically on [0,71) U (r1,72) U (r2, 7| . However, this contradicts (1.8), thus completing the proof.
2. Existence Theorem

The function w(x, \) defined in Sec. 1 is a nontrivial solution of Eq. (1.1) satisfying conditions (1.2), (1.4),
(1.5), and (1.6). Substituing w(z, A) in (1.3), we arrive at the characteristic equation

FO\) =w'(m,A) + dw(m,\) = 0. (2.1)
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By Theorem 1.1, the set of eigenvalues of the boundary-value problem (1.1)—(1.7) coincides with the set of
real roots of Eq. (2.1). Let

T1 T2 T
1 1 1
w=o [lawlar  w=o [l@lan wd = [l
b1 b2 p3
0 T1 T2
Lemma 2.1.
(1) Let A > 4q%. Then, for the solution wy (x, \) of Eq. (1.11), the following inequality holds:
|lwy (x,\)| <2, x€][0,r]. (2.2)
(2) Let A > max {4q%, 4q%}. Then, for the solution wy (z, \) of Eq. (1.12), the following inequality holds:

n
1

P22

+
p102

(o )] <4

>, x € [ry,re]. (2.3)
(3) Let A > max {4q%,4q§,4q§}. Then, for the solution ws (xz,\) of Eq. (1.13), the following inequality

holds:
) N ops3
72

By = max |wy (x,N)].
0,71

47y162q1 + Y2p261
2p26102q1

N
01

D272
P102

x € [ro,m. (2.4)

(s (z, V)] < 801p2 + 402p3m (

n Mp2n2

Proof. Assume that

Thus, it follows from (1.11) that the following inequality holds for any A > 0 :
1
Bix <1+ ;Bu%-

If s > 2q1, then we get (2.2). Differentiating (1.11) with respect to =, we find

T

1 S
wh(z, A = Zsinlg— = q(7)cos — (x — 7)wr (T — A(7), \) dr. 2.5)
o) = o= G [ o= rn(r = A0

Taking into account (2.5) and (2.2), for s > 2q;, we arrive at the following inequality:

/
2
S b1
Let

Bs) = max |wa (x,\)].
[r1,r2]

Then it follows from (1.12), (2.2), and (2.6) that the following inequality holds for s > 2¢; :

b

n
01

D272

+
p102

B2,\§4{
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Hence, if
A > max {4¢7,4¢3 } ,
then we get (2.3).
Differentiating (1.12) with respect to x, we obtain
/
A
wh(x, \) = EE (r1, ) sin =l (x — 1) D2w (1, A) o8 > (x —11)
P201 P2 2 p2

1 s
- p%/Q(T) cos p;(ﬂﬁ — 7w (T — A(T), A) dr.

T1

By virtue of (2.7) and (2.3), for s > 2¢2, the following inequality is true:

7
o1

D272
P102

/
|wh(x, N)| < 2m L 2 {
s p201  202q1 D2

Let

B3y = max |ws (x, )],

T2,

Thus, it follows from (1.13), (2.2), (2.3), and (2.8) that the following inequality holds for s > 2¢3:

41021 + Y2p261
2p261021

7
01

P22

Bs),
s D102

< 8601p2 + 462p3m1 <
- Mp21m2

> n 623
2

A > max {4q%, 4(]%7 4(]3}7

Hence, if

then we arrive at Eq. (2.4).

Theorem 2.1. Problem (1.1)—(1.7) has an infinite set of positive eigenvalues.

Proof. Differentiating (1.13) with respect to =, we obtain

0 .8 Oaw) (1o, \) s
wh(z, A = ro, A sin — (z — 1g) + —2~"""Lcos — (z —r
3( ) b3mn 2( 2 ) b3 ( 2) 72 b3 ( 2)

T

1 s
~ 5 [ atmyeos 2w = muntr - ), N

From (1.11)-(1.13), (2.1), (2.5), (2.7), and (2.9), we get

1
st | ST 1 .8 s
— | cos— — — [ q(7)sin —(r1 — 7)wi (T — A(7), A)d7 | cos — (r9 — rq
p3n | 01 D1 Splo ™) p1( Jui (™), ) pz( )

2.7)

(2.8)

2.9)
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T1

Yop2 s . sr 1 S ]
e n—— — 7)cos —(r1 — T)wi(T — A(7), A)d7 |sin — (ro — 7
555 PR p%OQ() p1(1 Jwi ( (7),A) p2(2 1)
T2
L[ () sin = (r — Pws(r — A(r), Ndr |sin = (x — 72)
—— [ q(7)sin — (r9 — T)wa (7 — A(7), N)d7 | sin — (m — ro
Sp2 b2 b3
T1
0, | b
2 SY1 ST 1 .S .S
+—=|——|cos— — — 7)sin —(r1 — T)wi (7 — A(7), A)dr |sin — (rg — r
ol R o 3P10q<) pl(l Jwi( (1), ) p2(2 1)
o
Y2 s . sr 1 S s
4+ = | ——sin— — = [ q(7)cos —(r1 — T)wi (7 — A(7), N)dr | cos — (ro — 1
b\ P11 p p%o ™ p1( Jun( (™)) Pz( )
T2
1 S S
- /q(T) cos —(rg — T)wa(T — A(T), \)dT | cos — (7 — r3)
b5 b2 b3
T1
v
1 S
- = q(1)cos — (m —1)ws (1 — A (1), \)dr
b3 p3
)
0 '
1M sry 1 .S S
+ A — | cos — — — 7)sin —(r1 — T)wy (7 — A(7), N)d71 | cos — (ro — 7
m | o1 P1 8p10Q() pl(l Jun (%) Pz( 1)
T1
Yop2 s . sr 1 S .8
—= | ——sin— — — 7)cos —(r1 — T)wi(rt — A(7), N)dr |sin — (ro — r
5 e p%OQ() pl(l Jwi( (7),A) p2(2 1)
T2
[ g(r)sin - (ry — ) (r — A(r), \)dr | cos - (x = 12)
—— [ q(7)sin —(r9 — T)wa (7 — A(7), N)d7 | cos — (m — 1o
Sp2 b2 ps3
T1
0 b
203 sM 811 1 .8 .S
+ - cos — — — [ q(7)sin —(r1 — T)wi (7 — A(7), N)d7 |sin — (ra —r1
s12 P21 prospy ™ ]91( Jui ()4 Pz( )
17
Yo s sr1 s s
+ = —sin— - = 7)cos —(r1 — T)wi (7 — A(7), N)dT | cos — (rg — 1
2 sin ™ p?o/q” vy = )un(r = A7) N | eos = (r = )

2

1
- /q(T) cos i(1"2 — T )wa (T — A(7), \)dT | sin l (m —1r9)
V&) p b3
T1

1269
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™

1 .8 B
75;73 q(T)SlIlpTS(W*T)Wg(T*A(T),)\)dT =0. (2.10)

T2
Let X be sufficiently large. Then, by (2.2)—(2.4), Eq. (2.10) can be rewritten in the form

scoss(rl+r2_r1+ﬂ_r2)—l—0(1):0. @.11)
P P2 p3

Obviously, for large s, Eq. (2.11) has an infinite set of roots. Thus, we arrive at the required result.

3. Asymptotic Formulas for Eigenvalues and Eigenfunctions

We now begin to study the asymptotic properties of eigenvalues and eigenfunctions. In what follows, we
assume that s is sufficiently large. From (1.11) and (2.2), we get

wi(xz,\) = O(1). (3.1)
It follows from expressions (1.12) and (2.3) that

wa(xz,\) = O(1). (3.2)
By virtue of (1.13) and (2.4), we arrive at the following equation:

ws(z, A) = O(1). (3.3)

The existence and continuity of the derivatives w/ (x, A) for 0 <z < 7, |A| < 00, wh(x,\) for r; <z <
T2, |A| < 00, and wh,(x, A) for ro < x < 7,|A\| < oo follows from Theorem 1.4.1 in [2]:

w/15($7)‘) - 0(1)7 TE [0,7"1],
wIQS(x>)\) = 0(1)7 T e [7"1,’/“2], (3.4)
wie(x,A) = O0(1), =z € [re, 7.

Theorem 3.1. Let n be a natural number. For any sufficiently large n, there is exactly one eigenvalue of
problem (1.1)—(1.7) near

(n+1/2) 72
(r1/p1+ (ra — r1)/p2 + (m — 72)/p3)

R

Proof. 'We now consider the expression denoted by O(1) in Eq. (2.11). If relations (3.1)—(3.4) are taken into
account, then it can be shown by differentiation with respect to s that, for large s, the derivative of this expression
is bounded. We now show that, for large n, only one root of (2.11) lies near each

(n+1/2)%n?
(r1/py+ (r2 — 1) /P2 + (= 12) /p3)”
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Consider a function

o — 1T m™—7T9

_ n
(b(s)—scoss(pl—i— . + . >—|—O(1).

Its derivative has the form

¢'(s) =coss<”+ 2o ”_T2)
b1 D2 b3

r ry — 7T - r ro — 7T —r
—s<1+ 2 -, T 2>Sins<1+ 2 -, T 2>+O(1)
b1 D2 b3 b1 D2 b3

and does not vanish for s close to sufficiently large n. Thus, our assertion follows from the Rolle theorem.

Let n be sufficiently large. In what follows, we denote by A\, = s2 the eigenvalue of problem (1.1)—~(1.7)
located near

(n+1/2)* 72
(r1/p1+ (r2 — 1) /p2 + (m —2)/p3)”

(ot

We set

= ry — 1T ™7 *+on.
<1 I 2 1 n 2>
P p2 b3
It follows from (2.11) that
1
Op = O<> .
n
Therefore, we obtain
n—+ - |
2 1
Sn = " . " " + O<> 3.5
— T — n
<1 n 2 1 n 2)
b1 D2 D3

Relation (3.5) makes it possible to obtain asymptotic expressions for the eigenfunctions of problem (1.1)—(1.7).
By (1.11), (2.5), and (3.1), we get

wi(z, \) = cos L 4 O<1>, (3.6)
b1 S
Wiz, \) = —sin 2L 4+ O(1). (3.7)

p1 p1



1272 E. SEN, M. ACIKGOZ, AND S. ARACI

By virtue of (1.12), (3.2), (3.6), and (3.7), we find

— 1
wa(x,\) = N cos 2 (7“1(]02]91)+$) +O<), (3.8)
o1 p2 D1 s
wh(z,\) = — L sin = <”(p2_pl) + x> +O(1). (3.9)
dip2 P2 p1
In view of (1.13), (3.3), (3.8), and (3.9), we conclude that
- - 1
w1, 2) = o 8 (pg (r1 (p2 — p1) + p172) — r2p1p2 er) N O<)‘ (3.10)
mor  Dp3 P1p2 s

Substituting (3.5) in (3.6), (3.8), and (3.10), we immediately obtain

1
i () = cos (n+2) - > +o(1>,

r Ty — 7T ™=
p1<1+ 2 1+ 2
b1 D2 b3

(n+3)
T
1 2

Ugn () = 5, cos — — (Tl (p2 = p1) + :c> + O(1>7
1 ! ! T™—T2 P n
D2 ( + + )

b1 b2 b3
0
Ugn(xr) = ——
(@) mo1
n — | T
2 — — 1
« cos <P3(T1 (p2 — p1) + p1r2) — rapip2 —i—a:) +O<).
T r9 — 7T T™T—T n
p3(1+ 271 2) p1p2
b1 b2 b3

Hence, the eigenfunctions u, (z) have the following asymptotic representation:
uin(z) = wy (T, A\), x €[0,71),
un () = S ugn(z) = we (z,\n), =€ (r1,r2),
ugn(z) = w3 (x,\n), x € (ro, 7).

Under certain additional conditions, we can obtain more exact asymptotic formulas depending on the delay.
Assume that the following conditions are satisfied:

(a) the derivatives ¢'(x) and A”(x) exist, are bounded in [0,71) U (r1, r2) U (r2, 7], and have the following
finite limits:

¢(r1£0)= lim ¢(z), ¢ (r2£0)= lim ¢'(x),

r—r110 r—rot0
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A'(ry £0) = lim A"(x), and A'(rg£0) = lim A"(x),

x—r110 T—1r91+0
respectively;
(b) A'(z) <1in[0,71) U (r1,r2) U (re, 7], A(0) =0, limg—s, 10 Ax) =0, and limg—,, 10 A(z) = 0.

By using (b), we find

x—A(x) >0 for ze€l0,r),
x—A(x) >r for z€ (r,mr), (3.11)
x—A(x) >ry for z € (ro, 7.

It follows from (3.6), (3.8), (3.10), and (3.11) that

wi(r — A(r), \) = cos ST =B o<1>,

p1 S
_ 8 (rnpe—p) 1
wo(T — A(T),A) = 5. 51 cos P ( s +7 A(T)) +O<S>, (3.12)

- - 1
ws(r — A(r),\) = o s (pg (r1 (p2 — p1) + p172) — rap1p2 e A(T)) N O<>'
mo1  ps P1p2 s

b2
O<1> = (3.13)
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can be proved by using the same technique as in Lemma 3.3.3 from [2]. By using the notation

2 p1 2 m
0 0
Ole) = /Q(T) sin md“ D(z) = /q(T) cos mdm
2 P2 2 P2
T1 "
2 b3 2 b3
(D) o
Z;:Ll 7“2—7“1+7T—1"2’ A;:i_FB(m)+D(7“2)+F(7r)
b1 P2 P3 D3 P Do D3
and substituting expressions (3.13) in (2.10) and then using
1/2
Sp = w + 57“
Zy
we get
AT 1
5 =—— P Lof=
i <n2>
and, finally,

1
w=g —< 1>W+O<n2>. (3.14)

Thus, we have proved the following theorem:

Theorem 3.2. If the conditions (a) and (b) are satisfied, then the positive eigenvalues \, = s> of prob-
lem (1.1)—(1.7) admit the asymptotic representation (3.14) as n — oo.

We can now obtain a more accurate asymptotic formula for the eigenfunctions. It follows from (1.11)
and (3.12) that

s A(x) B(z)sin o 1
wie,)) = cos - [1 o } - P1 +0<82>. (3.15)
Replacing s with s, and using (3.14), we get
<n—|—1> T r r <n+1>7r:1:
Uin(x) = cos 2 1+ A@)Z + 8y sin 2 +0 <12> (3.16)

AN 1 1 VAN
P1p (TL+ 2>7Tp1 (n+ 2)7‘(}?1 P12y
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From (1.12), (2.5), (3.12), (3.13), and (3.15), we obtain

ws (2, \) = Zi{ [1 +§ <A}(:) n Cp(;)>] cos <:2 (’”1(1922‘].;1’1) +x>>

_ (D(x)/p2+ B(r)/p) Sinp% <7“1(P2—Pl) n $) } n 0(1). (3.17)

S 2py

Further, replacing s with s,, and using (3.14), we find

m “ (?+C§?> (n+;)ﬂ <T1 (p2 — 1) +x>

ugn(z) = —< |1+ cos

1 T
61 (n—i— 2) 7T pr2

)
n+—- |
xsin< 2 <T1(p2_p1)+x> +0<1>. (3.18)

252 2p1

It follows from (1.13), (2.7), (3.12), (3.13), and (3.17) that

, <A(7“1) i C(T’Q) i E(IL‘)>
wg(x, )\) _ 1;1 1+ b1 b2 b3
1101 S

" COS(S (p3 (r1 (p2 = p1) +pira) = raprpz x))

ps3 p1p2

_ 1 (B(m) L Dlra) F(a:))

S p1 D2 p3

y Sin(S <p3 (r1 (P2 — p1) + p172) — T2p1p2 N x)) n O<12>
S

b3 p1p2
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Finally, replacing s with s,, and using (3.14), we obtain

p

P (A(n) L Clr) E(x)>

017 D1 D2 P3
= AN
’LLSn(SU) 77151 + (n N 1> ﬂ_
2
n+—-\|m
( 2) <p3 (r1 (p2 — p1) + p1r2) — rop1p2 )
X COS - +x
Zyps3 p1p2

oar (B(r) | D(ra)  F(z)
i < p1 P2 * P3 > (ps (11 (p2—p1)+p17“2)—7”2p1p2+x>

2
s (n N ;) 2 D1P2

1
(n+3)"
2 <p3 (r1 (p2 — p1) + p17r2) — repip2 4 x> +0 (12> (3.19)
D1P2 n

Thus, we have proved the following theorem.

Theorem 3.3. [fthe conditions (a) and (b) are satisfied, then the eigenfunctions u,(x) of problem (1.1)—(1.7)
admit the following asymptotic representation for n — oo:

uin(x), x€10,71),
un(x) = S ugn(z), z € (r1,712),

usn(x), x € (ra2, 7,
where w1y, (z), uon(x) and us,(z) are defined as in (3.16), (3.18), and (3.19), respectively.
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