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1. Introduction
An important topic in differential geometry is the Riemannian submersions between Riemannian manifolds
introduced by O’Neill [12] and Gray [5]. Such submersions were generalized by Watson to almost Hermitian

manifolds by proving that the base manifold and each fiber have the same kind of structure as the total space

in most cases [21]. Recently, many works considering different conditions on Riemannian submersion have been
done (see [3, 4, 6, 7, 8, 13, 15, 17, 19, 20]).
Sahin [18] introduced slant submersions from almost Hermitian manifolds onto Riemannian manifolds in

such a way that let m be a Riemannian submersion from an almost Hermitian manifold (Mi,g;,J1) onto a
Riemannian manifold (Ma, g2). If for any nonzero vector X € I' (ker7,), the angle 8(X) between JX and the
space ker, is a constant, i.e. it is independent of the choice of the point p € M; and choice of the tangent
vector X in kerm,, then we say that m is a slant submersion. In this case, the angle 6 is called the slant angle
of the slant submersion. He gave some examples and investigated the geometry of leaves of the distributions
for such submersions. Furthermore, Lee and Sahin [9] investigated pointwise slant submersions from almost
Hermitian manifolds.

In this paper, we define pointwise slant submersions from almost contact metric manifolds onto Rieman-
nian manifolds and give some examples for such submersions. We investigate the harmonicity of pointwise slant
submersions from cosymplectic manifolds and obtain necessary and sufficient conditions for the maps to have
totally geodesic fibers according to the state being vertical or horizontal of characteristic vector fields. We also
give necessary and sufficient conditions for such submersions to be totally geodesic according to the state to be

vertical or horizontal of characteristic vector fields.

2. Preliminaries

In this section, we provide a brief view of Riemannian submersions and almost contact metric manifolds.

*Correspondence: sezinaykurt@hotmail.com
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2.1. Riemannian submersions
Let (M, gpr) be an m-dimensional Riemannian manifold and (N, gx) an n-dimensional Riemannian manifold.

A Riemannian submersion 7 : M — N is a map of M onto N satisfying the following conditions:

1. 7 has the maximal rank

2. The differential 7, preserves the lengths of horizontal vectors.

For each ¢ € N, 77 1(q) is an (m — n)-dimensional submanifold of M, so-called fiber. If a vector field on M
is always tangent (resp. orthogonal) to fibers, then it is called vertical (resp. horizontal) [12]. A vector field

X on M is said to be basic if it is horizontal and w-related to a vector field X, on N, ie. X, = X*,r(p)

for all p € M. We denote the projection morphisms on the distributions ker 7, and (kerm,)* by V and H,
respectively.

A Riemannian submersion is characterized via O’Neill tensors 7 and A by the formulae

TeF = HVVEVFE +VVygHE, (2.1)
ApF VWouyurHF +HVygVE, (2.2)

for arbitrary vector fields E and F on M, where V is the Levi-Civita connection of (M, gps).

We recall from [12] the following lemma, which will be useful later.

Lemma 1 Let m : M — N be a Riemannian submersion between Riemannian manifolds. If X and Y are
basic vector fields of M , then

1) gu(X,Y)=gnv(X,,Yy) o,

ii) the horizontal part [X,Y]" of [X,Y] is a basic vector field and corresponds to [X,,Y.] i.e. m. ([X,Y]H) =
(X, Y],

iit) [V, X] is vertical for any vector field V of kerm,,
iv) (V%Y)H is the basic vector field corresponding to V)A(’*Y* ,

where VM and VN are the Levi-Civita connection on M and N, respectively.

From (2.1) and (2.2), we have

VyW = TyW+VyW (2.3)
VyX = HVyX+TvX (2.4)
VxV = AxV+VVxV (2.5)
VxY = HVxY + AxY (2.6)

for X,Y € I((kerm,)*) and V,W € D(kerm,), where VyW = VVyW. Moreover, if X is basic, then
HVyX = AxV. On the other hand, for any F € I'(TM), it is seen that T is vertical, Tz = Tyg and A is
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horizontal, A = Axg. The tensor fields T and A satisfy the equations
ToW =TwU, (2.7)

AxY = —Ay X = %V[X, Y] (2.8)

for UUW € T'(kerm,) and X, Y € T ((kerw*)l) It can be easily seen that a Riemannian submersion

7w : M — N has totally geodesic fibers if and only if 7 identically vanishes.

Now we consider the notion of harmonic maps between Riemannian manifolds. Let (M, gy ) and (N, gn)
be Riemannian manifolds and suppose that ¢ : M — N is a smooth mapping between them. Then the
differential v, of ¢ can be considered as a section of the bundle Hom(TM,v~'TN) — M, where 1~ 'TN is
the pullback bundle that has fibers (w’lTN)p =TypN, pe M. Hom(TM,~'TN) has a connection V

induced from the Levi-Civita connection V. Then the second fundamental form of 1) is given by
Vi (X,Y) = Vi (Y) = (VYY) (2.9)
for X,Y € T(TM), where V¥ is the pullback connection. For a Riemannian submersion 1, we can easily view

(Vi) (X,Y) =0 (2.10)

for X,Y €T ((kert,)*). A smooth map 1 : (M, gn) = (N, gn) is said to be harmonic if traceVe, =0 [1].

2.2. Almost contact metric manifolds
Let M be a (2m + 1)-dimensional differentiable manifold with a tensor field ¢ of type (1,1), a vector field &,
and a 1-form 7 such that

P> =-I1+n®E ¢€=0,n0¢d=0, (&) =1 (2.11)

It is said that (¢,&,n) and (M, ¢, &, n) are respectively called an almost contact structure and almost contact

manifold. If there is a Riemannian metric g on almost contact manifold M such that
9(¢X,9Y) = g(X,Y) = n(X)n(Y), n(X) = g(X,¢) (2.12)

for any vector fields X, Y € T'(T'M), (¢,&,1n,g) is called an almost contact metric structure and (M, ¢,&,n, g)

an almost contact metric manifold. The almost contact metric structure (¢,&,7,g) is said to be normal if
[, 6] + 2dn ® € =0, (2.13)

where [¢, ¢] is the Nijenhuis tensor of ¢. The fundamental 2-form ® on M is defined by ®(X,Y) = g(X, ¢Y)
for any vector fields X,Y € I'(T'M). An almost contact metric manifold (M, ¢, &, n,g) is called a cosymplectic
manifold if it has a normal almost contact metric structure and both ® and 7 are closed, i.e. d® = 0 and

dn = 0. Then the structure equation of a cosymplectic manifold (M, ¢,&,n,g) is given by
(Veg)G =0 (2.14)

for any vector fields F,G € I'(T'M), where V is the Levi-Civita connection of the metric g on M. Moreover,
for a cosymplectic manifold, we have
Veé=0 (2.15)
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(see [2, 10]).

Now we give some examples for almost contact metric manifolds.

Example 1 ([1/]) We define complez structures J; and Jy on R* as follows:
0 0 0 0 0 0 0 0
J1 <8a:1> = 67332“]1 (83:2) = —%,Jl (8353) = 87334“]1 (8334) = oz
0 0 0 0 0 0 0 0
e (a) = (5m) = (5m) =32 (52) ~2

Then (¢,€,m,9) is an almost contact metric structure on an Euclidean space R® = R* x R with coordinates

(1, 2,23, 4, T5) such that

d d
10) (X + h) =cos01 X —sinf X, £ = —, n=dzs
dlZE5 dIS

for X € T(TR*) and h € C>=(R®), where g is the Euclidean metric on R® and 6 : R® — [0, %] is a differentiable

function.

Example 2 ([11]). Let (x;,y;,2) be Cartesian coordinates on R®"*1 for i =1,...n. An almost contact metric

structure (¢,€,1,9) on R2"*1 s defined as follows:

n 0 dij 0
g= ((dzi)?® + (dy;)?) + (d=)?, ¢=| —6;; 0 0 |,
i=1 0 0 O

0
f_&a 77—d2'

We can easily show that (¢,&,m,9) is cosymplectic structure in R*"F1. The vector fields E; = a%-’ Enyi =

%, & form a ¢-basis for the cosymplectic structure in R?"*t1. Then R2"T1 with the cosymplectic structure

(¢,€,7m,9) is a cosymplectic manifold.

3. The pointwise slant submersions in almost contact manifolds

This section is devoted to defining the pointwise slant submersion from an almost contact metric manifold

(M, ¢,&,m,gm) onto a Riemannian manifold (NN, gn) to provide some examples for such submersions.

Definition 1 Let 7 be a Riemannian submersion from an almost contact metric manifold (M, ®,&,m, gar) onto

a Riemannian manifold (N,gn). If for each p € M the angle 0(X) between ¢X and the space (ker w*)p is

independent of the choice of the nonzero vector X € T'((kerm,) —{&}), then 7w is called a pointwise slant

submersion. The angle 6 is called the slant function of the pointwise slant submersion.

A pointwise slant submersion is called slant if its slant function 6 is independent of the choice of the point on
(M, $,&,m,9rm) [9]. Then, the constant 0 is called the slant angle of the slant submersion.

We now give the following examples for pointwise slant submersion.
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Example 3 Let R® be an almost contact metric manifold as in Example 1. Define a map 7 : R® — R? by
(21, T2, T3, Te, T5) = (%(ml + x3),x4> . Then
1 0 0] 0 0
k * — V = — _—— _— ’V = —, V = = —
er T span{ 1 NG ( 911 + 8&03) 2 o1s 3=24§ 3x5}

and

1 0 0 0
ker 7, ) .
(kermr,) _Span{Hl_\/ﬁ<5:c1+5z3)’H2 = 9$4}

We can easily show that 7 is a Riemannian submersion and |g(¢pVh, Va)| = % on R®. Then 7 is a pointwise

slant submersion with the slant function 6.

Example 4 Let ¢1 and ¢o be two tensor fields on R®.

0 -1 0 0 0 0 01 0 0
1 0 0 0 0 0 00 -1 0
pr=10 0 0 -1 0 |,¢=|-100 0 0
0 0 1 0 0 0 10 0 0
0 0 0 0 0 0 00 0 0

Note that ¢1¢a = —dad1. For any real valued function 6 : R> — R, we can denote a new tensor field on R® by
1ol

= 815

¢ = cosO¢y +sinfgy. Then (¢,€,m,9) is an almost contact metric structure on R® such that n = dxs, &

and g is a Buclidean metric on R®. Define a map 7 : R> — R? by 7(x1, 22,73, 74, 75) = (“57“, %) . Then

1 0 0 1 0 0 0
ke”*‘”’“”{vl‘ﬂ(%*m)’”‘ﬂ(axﬁm)’%—f—axs}

and

1 0 0 1 0 0
kerm, )" = H=—(2-2) g=— (2 _ 2 )\
ern)t =spen {11 = 2 (5= 50 ) = (= ) )

We can easily show that 7 is a Riemannian submersion and
lg (¢V1,V2)] = |cos b
on R. Then 7 is a pointwise slant submersion with slant function 6.

Now we investigate basic properties and derive some theorems depending on characteristic vector field &
for pointwise slant submersions from cosymplectic manifolds onto Riemannian manifolds.

3.1. Pointwise slant submersions for ¢ € I'(ker )

Let 7 be a pointwise slant submersion from a cosymplectic manifold (M, ¢, &, n, gar) onto a Riemannian manifold
(N,gn). Then for U,V € I'(ker,), we have

oU = U + wU, (3.1)
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where U and wU are vertical and horizontal parts of ¢U , respectively. Moreover, for X € I'((kerm,)*), we

have
¢X = BX +CX, (3.2)

where BX and CX are vertical and horizontal components of ¢X, respectively. Then, by using (2.12), (3.1),
and (3.2), we get
gu(PU, V) = —gu (U, V) (3.3)

and
g (WU, Y) = —gp (U, BY) (3.4)

for U,V € T'(kerm,) and Y € T ((kerm,)*).
Further, from (2.3) and (2.15), we obtain

ToE=0 (3.5)

for U € T'(ker my).
On the other hand, using (2.3), (2.4), (3.1), and (3.2), we have

(Vow)V = CTuV — TuyV, (3.6)
(Vup)V = BTyV —TywV, (3.7)
where
(Vow)V = HVywV —wVyV, (3.8)
(Vo) V = VueV —¢VyV (3.9)

for U,V € I'(kerm,), where V is the Levi-Civita connection on M. We say that w is parallel if
(Vyw)V =0
for U,V €T (kerm,).

We now give a characterization theorem for pointwise slant submersions.

Theorem 1 Let m be a Riemannian submersion from a cosymplectic manifold (M, ¢,&,m,gn) onto a Rieman-

nian manifold (N,gn). Then 7 is a pointwise slant submersion if and only if
2 2
p®=cos® (- +n®E),

where 0 is a real-valued function.

Proof From Definition 1 we can write

gu (09U, U)  |U]|

cosf = = 3.10)
GUTIeUT 1601 |
for U € T (kerm,). If we write U instead of U in (3.10) and using (2.12) we get
2
U]
cosf = . 3.11
P (310
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Furthermore, from (3.3) we obtain
gu(9?U,U) = —gu (U, U) = — |U[*. (3.12)
Using (3.10), (3.11), and (3.12), we have
gu (9°U,¢°U) = |¢°U| |¢°U] . (3.13)
Then from (2.11), (3.10), (3.11), and (3.13), we arrive at
2 2
- =cos“ (-1 +n®).

for any U € I'(kerm,).
Conversely, it can be directly verified. O

Using (2.11), (3.1), and Theorem 1, we have the following Lemma.

Lemma 2 Let 7 be a pointwise slant submersion from a cosymplectic manifold (M, $,&,m,gr) onto a Rie-

mannian manifold (N, gn) with slant function . Then the following equations are satisfied:
9m (SDU, SDV) = 6082 0 (gM(U, V) - U(U)W(V)) )

for any U,V € T'(ker ).

Lemma 3 Let 7 be a pointwise slant submersion from cosymplectic manifold (M, $,&,m, gar) onto Riemannian

manifold (N, gn) with slant function 0. If w is parallel then we have

ToveU = — cos? 0Ty U.
Proof Assume that w is parallel. Then using (2.7) from (3.6) we get
TyvU =CTyV (3.14)
for U,V € T'(ker 7). By replacing U and V and using (2.7) we have
TueV = TveU. (3.15)

If we write U instead of V in (3.15), then the proof is completed. O

Now we examine some properties for pointwise slant submersions from cosymplectic manifolds onto Rie-

mannian manifolds.

If 7 is a map between Riemannian manifolds (M, g1) and (M, g2), then the adjoint map *m,. of m, is
characterized by
0 (X7* T(-*PY) =92 (ﬂ—*PX7 Y) (316)

for X € T,M,,Y € Tr(pyM2 and p € M;. For each p € My, 7P is a map defined by

1
Wfp : ((ker 71—*) (p)7glp((kcr7r*)i-)(p)> — ({rangeﬂ—*(q%g2q(rangeﬂ*)(q)) )
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Denote the adjoint of 7/ by *Wfp. Let *m,, be the adjoint of m,, that is defined by
Txp * (Tleaglp) — (TqM2792q) .

Then the linear transformation

=

(*W*p)h s rangemy(q) — (ker i)~ (p)

defined as (*w*p)h Y =* 1,,Y, where Y € I'(rangem.,), ¢ = n(p), is an isomorphism and

(7))~ = () = (xl) (1.

Theorem 2 Let © be a pointwise slant submersion from cosymplectic manifold (M, $,€,1,gnm) onto a Rie-
mannian manifold (N, gn) with nonzero slant function 6. Then 7 is harmonic if and only if
trace™ T, (V) ((0)we (.)) — tracewT yw(.) + traceC*m, (V) ((.),w(.)) = 0.
Proof By using the equations (2.3), (2.11), (2.12), (2.14), and (3.1) we obtain
gu (ToU,X) = gu (VueU, ¢X) + gu (VowU, ¢X)
= —9m (VuoeU, X) + gu (VywU, ¢X)
for U e (V) and X € T'(H). From (2.4), (3.1), (3.2), and Theorem 1, we deduce

gm (TUUaX)

—sin 20U (0) [gar (U, X) — gnr (€, X)]
+ cos®0 (g (VoU, X) = Von(U)gu (€, X))
= gu (VoweU, X) + gu (TuwU, BX)
+ gu (VywU,CX).
Since £ € I' (ker7,.), we have
sin® Ogar (ToU, X) = —gu (VoweU, X) + gu (TowU, BX)
+ gum (VywU,CX).
Then using (2.11) and (2.12) we derive
sin® Ogay (ToU, X) = —gu (VoweU, X) — gu (¢ (TuwU) , X)
+ gu (VywU,CX).
Thus from (2.9) and (3.1) we get
sin? Ogar (ToU, X) = gn (V) (U,weU) 1 (X)) = gur (wTwwU, X)
— gn ((Vm) (U,wl) , . (CX))
By (3.16) in the last equation, we derive

s g0 (o0, X) = gar (o (V) (Uywgl)) , X) — gar (T, X)
+ 9m (C*W* ((Vﬂ—*) (U, WU)) > X) .

Conversely, a direct computation gives the proof. O
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Theorem 3 Let © be a pointwise slant submersion from cosymplectic manifold (M, $,€,1,gnm) onto a Rie-

mannian manifold (N, gn). Then the fibers are totally geodesic submanifolds in M if and only if

gn (VY7 (WU) 7 (WV)) = —sin®Ogn ([U, X],V) + sin 20X (0)gar (¢U, ¢V)
+  gum (AxweU, V) — gu (AxwU, pV)
sin® On (VxU) n(V),

where X and X' are m-related vector fields and VY is the Levi-Civita connection on N .

Proof By using (2.4), (2.11), (2.12), (2.14), (3.1), and (3.2), we get

g (TuV,X) = —gu ([U,X],V)+ gm (Vx@?U, V) + gu (VxweU, V)
- gm (VxwU,¢V) —n(VxU)n(V)

for U,V €T (kerm,) and X € T ((ker W*)L) . Then it follows from Theorem 1, (2.6), and (2.10) that

gu (ToV,X) = —gu (U, X], V) +5in20X(0)gar (U, V) — cos” g (VxU, V)
+ gum (AxweU, V) — gy (AxwU, V)
o (Vo (WD) 7. (V) — sin 20X (0)n(U)n(V)
s (V< U)n(V).

Since T is skew symmetric and from (2.3) we conclude

sin? Ogar (TuV, X) = —sin®bgar ([U, X], V) +sin 20X (0) g (¢U, ¢V)
+  gu (AxwelU, V) — g (AxwU, ¢V)
— gy (VR (W), 7m0 (WV)) —sin® 0y (VxU) n(V).

By considering the fibers as totally geodesic, we derive the formula given in the hypothesis.

Conversely, it can be directly verified. O

Theorem 4 Let © be a pointwise slant submersion from cosymplectic manifold (M, $,€,1,gnm) onto a Rie-

mannian manifold (N,gn). Then m is a totally geodesic map if and only if

gn (Vm WU, 7 @V)) = —sin® 0y ([U, X], V) +sin 20X (O)gus (6T, 6V)
+ gu (AxweU, V) — gu (AxwU, V)
sin® On (VxU) n(V),

and
gm (AxwU, BY ) = gn (Vi (wpU) , 7. (Y)) — gn (Vi (WU) , e (CY))

where X and X' are w-related vector fields and V™ is the pull-back connection along 7.
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Proof By definition, it follows that 7 is totally geodesic if and only if
(V) (X.Y) =0

for any X,Y € I'(TM). Using Theorem 3 and (2.10), we obtain the first equation. On the other hand, from
Theorem 1, (2.6), (2.9), (2.11), (2.12), (2.14), (3.1), and (3.2), we have

gy (VVm) (X, U), 7 (V) = —sin20X(0)gas (UY) — cos® Ogur (VxU,Y)
+ gu (VxweU,Y) = gy (AxwU, BY)
— gm (VxwU,CY)

Then from (2.9) and (2.10) we get

sin® Ogn (V) (X, U), m. (Y)) gy (VX7 (welU) 7 (V)

= gn (Vxme (WU), e (CY))
- 49m (.AXwU,BY).

Conversely it is proved by direct calculation. O

3.2. Pointwise slant submersions for ¢ € T ((kerm,)")

In this section, we give the basic equations of pointwise slant submersion from cosymplectic manifolds onto

Riemannian manifolds for £ € T' (kerr,)". Using (2.11) and (2.12) we have
$*U = ~U (3.17)

and

9(eU, V) = g(U,V), (3.18)
for U,V €T (ker ). Moreover, from (2.3) and (2.15), we derive

Tu§ =0 (3.19)

and by using ¢g(U,&) =0,
n(VoV) =0, (3.20)

for U,V €T ((ker7,)). On the other hand, from (2.6)
AxE=0 (3.21)
forany X €T’ ((ker F*)J_) .
The following theorems can be proved by the arguments used in the previous section.

Theorem 5 Let m be a Riemannian submersion from a cosymplectic manifold (M, ¢,&,m,grr) onto a Rieman-

nian manifold (N,gn). Then 7 is a pointwise slant submersion if and only if
o =— (0052 9) 1,

where 6 is a real-valued function.
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Lemma 4 Let 7 be a pointwise slant submersion from a cosymplectic manifold (M, $,&,m,gn) onto a Rie-

mannian manifold (N, gn) with slant function 6. Then we have the following relations:

gm(pU, V) = cos®Ogr (U, V),

gum (WU, wV) 52'712091\4(U7 V)

for any U,V €T (kerm,).

Lemma 5 Let w be a pointwise slant submersion from cosymplectic manifold (M, $,€,1,gn) onto Riemannian

manifold (N, gn) with slant function 0. If w is parallel, then we have
TouvpU = — cos? 0Ty U

Theorem 6 Let m be a pointwise slant submersion from cosymplectic manifold (M, $,€,1,gnm) onto a Rie-

mannian manifold (N,gn). Then m is harmonic if and only if

trace*m, ((Vm.) ((-)we (1)) — tracewT yw(.) + traceC*m, (V) ((.),w(.)) = 0.

Theorem 7 Let m be a pointwise slant submersion from cosymplectic manifold (M, $,&,m,gn) onto a Rie-

mannian manifold (N, gn). Then the fibers are totally geodesic submanifolds in M if and only if
gy (VXme (WU) 7 (wV)) = —sin®Ogn ([U, X],V) +sin 20X (0)gas (U, V)
+ gm (AxweU, V) — gn (AxwU, V),

where X and X' are m-related vector fields and VY is the Levi-Civita connection on N .

Theorem 8 Let m be a pointwise slant submersion from cosymplectic manifold (M, $,&,m,gn) onto a Rie-
mannian manifold (N,gn). Then m is a totally geodesic map if and only if
gn (VX me (WU) 7 (V) = —sin®Ogn ([U, X], V) +sin 20X (0)gas (U, V)
+ gu (AxweU, V) — gy (AxwU, V)
and

gu (AxwU,BY) = gn (Vi (woU) 7 (V) — g (Vi (WU) , 7 (CY))

where X and X' are w-related vector fields and V™ is the pull-back connection along .
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