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1. Preliminaries

Suppose that p be a fixed odd prime number. Throughout this work we use the following no-
tations, where Z, we denote the ring of p-adic rational integers, Q denotes the field of rational
numbers, Q, denotes the field of p-adic rational numbers, and C, denotes the completion of alge-
braic closure of Qp. Let N be the set of natural numbers and N* = N U {0}. The p-adic absolute value
is defined by |plp = p~1. Also, we assume that |q — 1]p <1 is an indeterminate. Let UD(Z) be the
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space of uniformly differentiable functions on Zp. For f € UD(Zp), the p-adic g-deformed integral
on Zy is defined by T. Kim, as follows:

H —1

o) = [ F©)djiog©) = lim - T it fet, (1)
q £=0
where [X]; is g-analogue of x defined by
g -1 1—(=q)*
[xlg = . and [x]_q = ﬁ

We want to note that limg_,1[x]q = x (for details, see [1-28]).
By (1.1), we have

ql—q(f1) +1-q(f) =214 f(0) (12)

where f1(¢) := f(&€ +1) (for details, see [12,16]).
Let us consider Kim’s p-adic q-deformed integral on Z, in the following form:
For [1—-¢|p <1

£ q(h = [ e r©du-q =

Zp

8¢5, 13
[pn]qu FEEDEE (13)

where qu(f) are called extended fermionic p-adic g-integral on Zjp.
Let us now consider f1(§):= f(& + 1), then we develop as follows:

p"-1
DT DI fE + g
£=0

—qclt = lir
aglZq(fy)= lim % 7

=150 + 2 tim (£ — & £ ("))
=1°,(f) — [21¢ £ (0).

Therefore, we have the following lemma.

Lemma 1. For f € UD(Zyp), we get

qeIs 4 (f1) +154(f) =210 £ (0).

Taking f(£) = e'®+%) € UD(Zp) in Lemma 1, then we introduce the following expression:

. 2]
/zfe“ +E)dﬂ—q<¥>=q¢etﬁ et ZE ;(x) (14)
Zp

where we call EZ’C(X) as weighted g-Euler polynomials. In the special case, x =0, Eg’C(O) = Eﬁ,; are
called weighted g-Euler numbers and the relation between weighted g-Euler numbers and weighted
g-Euler polynomials is given by
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Ep =Y <l>x En_ . =(x+E])",
=0

with the usual of replacing (Eg)” by EZ,; is used. By (1.4), we note that

f: £ and ES, 0= [ cFxr e dug).

By (1.4), we have
o
Eﬂqg(x) =[2]q Z(—l)mqmgm(m +x)",  forneN*
m=0

From this, we can define weighted g-Zeta function as follows:

S —1)ngmgm
A(s,x:q:{):[Z]qZ%.

m=0

By (1.7) and (1.8), we derive the following equation (1.9):
M=n,x:q:0)= Eg’g(x), for any n € N*.
When we set as ¢ =¢ =1 in (1.9) reduces to

CE(—=n,X) = En(x)

which is well known in [20].
By (1.3) and (1.4), we compute

/ C5 (8 dpt—q &)

dp™—1
= i —1)éc8 n.é&
A ;,( Pt (x+8)"q

m—00 [Pm](,q)d =0

a d—1

d
=G Z( /¢ qf/;"f( +’+s> dpa_ga(®),
q

where d is an odd natural number. So from the above

dn d—1 n
[ eran g = i qffcdé( J+s> di_u ®).
q

Zp Zp

= T d\E(a\E (X "
=iy LV (fim, s T v ) (%57 +¢)

(15)

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)



S. Araci et al. / Journal of Number Theory 133 (2013) 3348-3361 3351
By (1.6) and (1.10), we get

g 421 o ;
El  (dx) = i Z(—w;;qmg‘;d (x n é) (111)
j=0

which plays an important role for studying regarding Measure theory on p-adic analysis.
Let we use the following notations, where C denotes the set of complex numbers, F denotes the
set of all formal power series in the variable t over C with

S k
-F={f(t)=zak% \akeC},
k=0 ’

P = C[x] and P* denotes the vector space of all linear functionals on P, (L | p(x)) denotes the action
of the linear functional L on the polynomial p(x), and it is well known that the vector space operation
on P* is defined by

(L+M|p@)=(L|p@®)+(M]|px)
{cLp@))=clL|p@).

where c is any constant in C (for details, see [6,18-24,26,28]).
The formal power series are known by

et tk
f= Zakk_' eF
k=0 ’

which describes a linear functional on P as (f(t) | X*) = a, for all n > 0 (for details, see [6,18-24,26,
28]). In addition to

(€% X" = 6.k, (1.12)

where 8, i is the well-known Kronecker delta that returns 1 iff arguments are equal and 0 otherwise.
If we take as

o tk
fror = (L[,
k=0

then we obtain

(L@ %) ={L]x)

and so as linear functionals L = f (t) (see [6,18-24,26,28]). Additionally, the map L — fi (t) is a vector
space isomorphism from P* onto F. Henceforth, F will denote both the algebra of the formal power
series in t and the vector space of all linear functionals on P, and so an element f(t) of F will be
thought of as both a formal power series and a linear functional. F will be called as umbral algebra
(see [6,18-24,26,28)).

It is well known that (e’ | ") = y". Then, leads to the following

(¥ | p))=p(y)



3352 S. Araci et al. / Journal of Number Theory 133 (2013) 3348-3361

(see [6,18-24,26-28]). We want to note that for all f(t) in F

fo =) (fo[£); (113)
k=0
and for all polynomials p(x),
0 ‘ Xk
p(x) =k§0<t | PCO) (114)

(for details, see [6,18-24,26,28]). The order o(f(t)) of the power series f(t) # 0 is the smallest
integer k for which a, does not vanish. It is considered o(f(t)) = oo if f(t) = 0. We see that
o(f()g(®)) =o(f(t)) +o(g(t)) and o(f(t) + g(t)) > min{o(f(t)), 0(g(t))}. The series f(t) has a mul-
tiplicative inverse, denoted by f(t)~! or ﬁ if and only if o(f(t)) = 0. Such series is called an
invertible series. A series f(t) for which o(f(t)) =1 is called a delta series (see [6,18-24,26-28]). For
f©),8@®) € F, we have (f()g(®) | p(x)) = (f(©) | 8OPX)). B B

A delta series f(t) has a compositional inverse f(t) such that f(f(t)) = f(f())=t.

For f(t), g(t) € F, we have (f(t)g(t) | p(x)) = (f(t) | g(t)p(x)). By (1.13), we have

p®(x) = Id=1)---(—k+ 1xk, (115)

d*p(x) o= (' p®)
dxk :; M

Thus, notice that

PP = peo)=(1|p® ). (116)

By (1.15), we have

d*p(x)

k — p® (y) =
t'p p
®) ®) dxk

(117)

So from the above

eY'p(x)=px+y). (1.18)

Let Sp(x) be a polynomial with deg S,,(x) =n. Let f(t) be a delta series and let g(t) be an invertible
series. Then there exists a unique sequence S, (x) of polynomials such that (g(t) f(t)* | Sn(x)) = n!én k
for all n,k > 0. The sequence S,(x) is called the Sheffer sequence for (g(t), f(t)) or that S,(t) is
Sheffer for (g(t), f(t)).

The Sheffer sequence for (1, f(t)) is called the associated sequence for f(t) or S,(x) is associated
to f(t). The Sheffer sequence for (g(t),t) is called the Appell sequence for g(t) or S,(x) is Appell
for g(t).

Let p(x) € P. Then we have

(FO) [x0@) = (3 F ) | p®)=(f'® | p)),
e +1]p@)=py)+pO) (see[28]). (119)



S. Araci et al. / Journal of Number Theory 133 (2013) 3348-3361 3353

Let S, (x) be Sheffer for (g(t), f(t)). Then

2. (h(t) | Sk
hty=Yy Wg@m)", ht) € F,
k=0 ’

oo

k
() = Z <g(t)f(t)' [p(X)

X Sk(®), pX) eP,

k=0
,1 _ oo tk
yf® — _
g(f(t))e = kE:O Sk(y)k!’ forall y € C, (1.20)

fOSH(x) =nSp—1(x).

Also, it is well known in [28] that

(AL f20) - fn®) [X") =D (

RO [ | ) (121)
11,...,Im
where f1(t), fa(t),..., fm(t) € F and the sum is over all nonnegative integers iq,..., i, such that
i1+ ---+in =n (see [28]).

In [6], Dere and Simsek have studied applications of umbral algebra to special functions. Kim et al.
have given some properties of umbral calculus for Frobenius-Euler polynomials [18], Euler polyno-
mials [24] and other special functions [26]. Also, they investigated some new applications of umbral
calculus associated with p-adic invariants integral on Zj in [17].

By the same motivation, we also give some applications of umbral calculus by using extended
fermionic p-adic g-integral on Z,. From those applications, we derive some interesting equalities
on weighted g-Euler numbers, weighted g-Euler polynomials and weighted g-Euler polynomials of
order k.

2. On the extended fermionic p-adic g-integrals on Z, in connection with applications of umbral
calculus

Suppose that S,(x) is an Appell sequence for g(t). Then, by (1.20), we have

1
%x" =S,(x) ifandonlyif x"=g(t)S,(x) (n>0). (21)
Let us contemplate as follows:
qcet +1

F.
2,

gt|¢) =

Therefore, we easily notice that g(t) is an invertible series. By (2.1), we have

¢}

Ed (x)i N et (2.2)
§ : e = . .
ot nl o gtlg)
By (2.2), we have
——  x"=F . 23
g e (23)
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Also, by (1.20), we have

tEg (%) = (Ep () =nEl_; (). (2.4)

By (2.3) and (2.4), we have the following proposition.

Proposition 1. Forn > 0, Ez’ C(x) is an Appell sequence for gq(t | ¢) = 5"[‘;[]:1
By (1.6), we derive that
[o¢] Xt / Xt
o xgg(t|o)e —gl(t] e
S MO g1 0)
— g0
o
1 e 1 t"
= Z(x X" — gy(t1¢ )—. (2.5)
g (10" gt10) g1 /!
Because of (2.3) and (2.5), we discover the following:
gyt O o
Ep iy 0 =xE] (0 — Z——E (x).
e e g e
Therefore, we get the following theorem.
Theorem 1. Let g, (¢t | ¢) = <45 +1 ¢ F. Then we have for n > 0:
g (t1¢)
El . (x)= (x - )E" (x). (2.6)
e glo)) ™
Moreover,
gt1%)
A(—n—l,x:q:{):(x— AM=n,x:q:0),
gq(t1¢)
where g (t]¢) = _dqu([n;).
From (1.6), it is easy to show that
) o "
> (¢qEl  (x+1) + E; {(x)) =2 _(21x") .
n=0 n=0

By comparing the coefficients in the both sides of ;—”, on the above, we develop the following:
¢qE] CERY +E} X =1[2]gx". (2.7)
From Theorem 1, we get the following equation (2.8):

gt OE] 11, = gq(t | DXE] (%) — gg(t | )ET (%) (2.8)
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So from above

(¢qe' +1)Eq ;. () = (¢qe' + 1)xE} () — ;qeth,g(x).
Thus, we can write the following equation:
CAER X+ D+ Ef (0 =2q(x+ DE] (X + 1) +xE} () —£qE} (x+1).  (29)
From (2.7), (2.8) and (2.9), we can state the following theorem.

Theorem 2. For n > 0, then we have

;qE {(X+1)+E {(x) [2]gx". (210)
Remark 1. Assume that S,(x) is Sheffer sequence for (g(t), f(t)). Then Sheffer identity is introduced
by
" /n " /n
Sux+y)=Y (,{) Pr(¥)Snk(®) =) <k> Pr(X)Sn—1(¥), (211)
k=0 k=0

where Py (y) = Sk(y)g(t) is associated to f(t) (for details, see [6,24,28]).

On account of (1.4) and (2.11), then we have

Bty = 3 (M) P S0
n.¢ = k) K V)Sn—k(x
k

n
<k> k. ;(y)x

Il
o

M=

k

Il
o

So we have
n
Ep (x+y)=) (,) ke XK.
k=0

By (1.4), we easily see for a(#£0) € C:

&%)

El (ax) =
4 gq(é [1¢)

Efw(x). (2.12)

From (1.11) and (2.12), we readily derive for d =1 (mod 2):

gq(|§) 11 ] ] < J)
1 E? .
gq(—u)“() [d]qZ( )¢lq n.gd i
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Let us consider the linear functional f(t) that satisfies

(fO | px)= [ ¢S p@E)du—q(®),
Zp

for all polynomials p(x). From (2.13), we readily see that

o0 t n o0 tn
fo=3%" Wt” = Z( / cfs”du_q@))m = / fe dp—q(8).
n=0 n=1 Zp Zp

Thus, we have

[2]q
rqet +1°

fity= f cEeftdp_g(8) =
Zp

Therefore, by (2.13) and (2.15), we arrive at the following theorem.

Theorem 3. For n > 0, then we have

(F©) | p0) = [ 5 p(E) dp_q(E).
ZP

Also,

2
<cqir]q+1 ‘p(">>= [ r@rduge.
ZP

Obviously that

2)

En,= < / i dpq(&)
ZD
From (1.6) and (2.18), we see that

Z( / ;S(x+s)“du_q<s>>% -/ cfe("+5>fdu_q(s>=2< / ﬁeéfdu-q(@x“)
n=0 Z : n=0 Zy

Zp

By (1.6) and (2.20), we see that for n € N*:

0= [ cf+ 8 dug(®) = [ et du )0
Zp Zp

Consequently, we obtain the following theorem.

tn

n!’

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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Theorem 4. For p(x) € P, then we have
/c¥p<x+s>du—q(s)=/c§e5fdu_q<s)p(x)
ZD ZD

2
= e 1P

That is,

0= [ ceftduq)0
Zp

_ [2]q n

cqet +1

For |1 —¢|p <1, we introduce weighted g-Euler polynomials of order k as follows:

/ . / it e GtHN d (&) dp—q (&)

ZP ZP
——
k-times
k [e9)
_ (2] N k) t"
—(—qu =3 En(xl9—,

n=0

where, for x =0, E;k) ©]|q) := EW (q) are called weighted g-Euler numbers of order k.

£

ng
By (2.23), we have

/.../§51+"'+E"(§1 + -+ & +X)nd/L,q(§1)...d,LL,q(§k)
Zp  Zp

———
k-times

i1+-+ig=n

Zp
n
— 9 .4 _gpb®
= 2 <i1 im>Eh,; Eipe =Ens X1 0)-
i1+-+ig=n ’ ’

Thanks to (2.23) and (2.24), we have

n
n
EN =) ( l)x’E,ﬁ’i’,,; @.

=0

)3 ( " ) / N dp o) ... f e dp_ ()
l],...,lm
Zp

3357

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

From (2.24) and (2.25), we notice that E,Sk){ (x| q) is a monic polynomial of degree n with coeffi-

cients in Q. For k € N, let us assume that
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-1
gPwo = ( / / ot tle@rttitgy(gy) . dpe q(sm)

Zyp Ly
——
k-times

t k
_ (Le + 1) . (2.26)
2lq

From (2.26), we note that g(k) (t | ¢) is an invertible series. On account of (2.23) and (2.26), we
readily derive that

1
Ry e = / " / gat kG gy (&) dp—q (&)
&g
N —
k-times
= Z Enp (x| q) (227)
Also, we note that
CER (x| @) =nEY, (x]9). (2.28)

By (2.27) and (2.28), we easily see that E(kg(x | @) is an Appell sequence for gék)(t | ¢). Then,
by (2.27) and (2.28), we get the following theorem.

Theorem 5. For p(x) € P and k € N, we have

k
2
f / (TR 4 0 A g (&) g (&) = <§q[t%) pR).  (229)
Zp  Zp
— —
k-times

In the special case, the weighted q-Euler polynomials of degree k are derived by
) 2 k
(k) n §1+ ik p (14 +EE n
E . (x X'= ... e du_ dp X"
nr @) = (;qet ]> f /c a(6n).-dpq (&)
Zp Zp

Thus, we get

t k
k ¢qet +1
EXL(x1q)~ ((—) ,r).
[2]q
Let us take the linear functional f® (t) that satisfies

(F90) | po) = / . / (D 4 B dp g€ dpiq(B). (2.30)

Z, I
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for all polynomials p(x). Therefore, we compute as follows:

o (k) n
f(k)(t) — Z <f (rf') | X )tn
n=0 ’

:Z(/.../;€1+~~+€/<(§1 —|—...+§k)”du7q(§1)...dy,,q(gk)>%
n=0

Zp Ty

=/~~-/§$1+m+5ke@l+m+$")tdM—q(‘El)~~-dM—q(§k)

Zp  Zp

(1)
" \eget+1)

Therefore, the following theorem can be expressed.

Theorem 6. For p(x) € P, we have

< / - / gt TGt gy (&) .. dp_q (&)

Zy Zp

p(X)>

:/.../551+“‘+5’<p($1 4+ d E)d g (&) ... dp_g (&)

Zp Zp

Furthermore,

2 k
<(§qit]"+l) \p(x)>=/.../cfl+"'+fkp(sl +o B0 dpq (). A g (&)
Zy  Zp

That is,

E)(q) = < / . / o e GO dy (&) dp g (&)

Zp Zp

?)

From (1.21), we notice that

< f / gt e Gt du (&) dp—q (&)

Zy Ty

SR [
MHy.oohlim

i1+--+ig=n

x”>
A > = < / cfeStdp_q (&)

Zp Zp

xlk >

Therefore, we have

k) o\ n a4
En,g(q) - Z (,‘l, s im>Ei1,£ Eik,l'

i1 +Hig=n
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Remark 2. Our applications for weighted Euler polynomials, weighted g-Euler numbers and weighted
g-Euler polynomials of order k seem to be interesting for evaluating at g = ¢ =1 which lead to Euler
polynomials and Euler polynomials of order k, are defined respectively by

i ¢ 2

En(x)— = ——e*t,
Z "()n! et +1
n=0

[} n k

0 (2 Xt
S 0= ()
n=0

Also, it is well known that they have representations in terms of fermionic p-adic integral on Zj, as
follows:

En(x) = /(X+§)" dp—1(8),

Zp

Eé’”(x):/.../(a b B g B ).

Z P ZP
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