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ABSTRACT. In this work a Sturm-Liouville type problem with retarded
argument which contains spectral parameter in the boundary conditions and
with transmission conditions at the point of discontinuity are investigated. We
obtained asymptotic formulas for the eigenvalues and eigenfunctions.

1 Introduction

We consider the boundary value problem for the differential equation
p(@)y" (@) + q(@)y(z — Az)) + Ay(z) =0 (1)

on [0,2) U (3,7, with boundary conditions

Vy(0) + p1y'(0) = 0, (2)
d\y(m) +y'(m) = 0, (3)
and transmission conditions
™ ™
71?/(5 —-0)= 519(5 +0), (4)
™ ™
72?/(5 -0)= 52?/(5 +0), (5)

where p(z) = p} if z € [0,3) and p(z) = p} if z € (5,7, the real-valued
function ¢(x) is continuous in [0,%) U (3,7 and has a finite limit ¢(§ +0) =
lim, 740 ¢(x), the real valued function A(z) > 0 continuous in [0, %) U (5, 7]
and has a finite limit A(5+0) = lim,, z+0 A(z), z—A(x) > 0,if z € [0,F) ;2—

Az) > 5, if v € (%,ﬂ ; A is a real spectral parameter; p1,p2, 71,72, 01,02, d
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are arbitrary real numbers and |vy;| + |6;| # 0 for ¢ = 1,2. Also v102p1 = V20102
holds.

The present article is devoted to studying the properties of the eigenvalues
and eigenfunctions of the boundary value problem (1)-(5). Boundary value
problems for ordinary differential equations with a parameter in the boundary
conditions in various statements were studied in many articles [1 — 10].

The article [11] is devoted to the study of the asymptotics of the solutions
to the Sturm-Liouville problem with the potential and the spectral parameter
having discontinuity of the first kind in the domain of definition of the solution.

Boundary value problems for differential equations of the second order with
retarded argument were studied in [12,13].

The asymptotic formulas for the eigenvalues and eigenfunctions of boundary
problem of discontinuous Sturm-Liouville problem with transmission conditions
and with the boundary conditions which include spectral parameter were ob-
tained in [14, 15].

In the present considered problem’s both boundary conditions involves spec-
tral parameter. The main result of the present paper is Theorem 4 and Theorem
5 on asymptotic formulas for eigenvalues and eigenfunctions.

It must be also noted that some problems with transmission conditions which
arise in mechanics (thermal condition problem for a thin laminated plate) were
studied in [16].

Let w (z,A) be a solution of Eq. (1) on [0, %], satisfying the initial condi-
tions

wi (0,A) = pr,w} (0,A) = =V (6)

The conditions (6) define a unique solution of Eq. (1) on [0, 3] ([13], p. 12).
After defining above solution we shall define the solution ws (z, A) of Eq. (1)
on [Z,7] by means of the solution w; (x, ) by the initial conditions

T _ T T _ T
wo (5,)\) = 7107wy (5,)\) , w’2(§, A) = 720, 1w’1(§, A). (7)

The conditions (7) are defined as a unique solution of Eq. (1) on [5,7].
Consequently, the function w (z, A) is defined on [ , 2) ( z } by the equal-

ity
_ wl(xv)‘>’ re [O
'LU(I;A) - { w2(x7)\)7 MRS (%

s
2

~

is a such solution of the Eq. (1) on [O, %) U (g,w] ;which satisfies boundary
conditions and transmission conditions.
Lemma 1 Let w (z, \) be a solution of Eq.(1) and A > 0. Then the following



integral equations hold:

w1 (z, \) = V/2p; cos <i:17 + E)
P1 4

§ p1 P1

wa(z, \) = ﬂwl (E /\) cos — (x - z) + Msini (:1: - Z)

51 P2 2 502 P2 2
_l/Msini(x_T)m(T_A(T),)\)dT (s=vAr>0).
S o p2 b2

(9)
Proof. To prove this, it is enough to substitute —;—2w1(7 A) —w{(r,\) and
1
— 2 w(7, A)—wh (7, A) instead of — 25w, (71— A(7), A) and — ‘Z<;>w2( —A(7), )
2 1
in the integrals in (8) and (9) respectively and integrate by parts twice. m

Theorem 1 The problem (1) — (5) can have only simple eigenvalues.
Proof. Let A be an eigenvalue of the problem (1) — (5) and

a(;p,X)_{ ai(z,)), € [0,5),

62(x7)\)5 T E (%aﬂ-]

be a corresponding eigenfunction. Then from (2) and (6) it follows that the
determinant

W (0,3, w10, 3)] = ‘ @03

=0
a0,0) —VA ’

and by Theorem 2.2.2 in [13] the functions @1 (x, A) and w; (z, X) are linearly
dependent on [O, 2] We can also prove that the functions s (x, )\) and we(x, )\)
are linearly dependent on [’27, ] Hence

Uy (z,\) = Kawi(z,\)  (i=1,2) (10)

for some K1 # 0 and Ky # 0. We must show that K; = K5. Suppose that
K, # Ks. From the equalities (4) and (10), we have

T ~ T ~ T~ T~
Wlu(— — O,)\) — 61’&(- + O,)\) = 'ylul(—, )\) — 61’(1,2(—,)\)

2 2 2 2

T

= 71K1w1(§,

_ T o~ T ~

=11 K1617 1w2(§, A) — 51K2w2(§, A)

X) — 61K2w2(g,X)

= 61 (Kl — Kg) ’wg(g,X) = 0.



Since 41 (K1 — K3) # 0 it follows that

ws (E,X) ~0. (11)
2
By the same procedure from equality (5) we can derive that
wy (gi) ~0. (12)

From the fact that wy(z, \) is a solution of the differential Eq. (1) on [z,

and satisfies the initial conditions (11) and (12) it follows that w; (2, ) = 0

identically on [%,w] (cf. [13, p. 12, Theorem 1.2.1]).

By using we may also find

™~ r (T~
wi(32) =wi (3:4) =0
From the latter discussions of wy(x, A) it follows that wy (z, A) = 0 identically
on [O, %) U (%, 7r]. But this contradicts (6), thus completing the proof. m

2 An existance theorem

The function w(x, A) defined in section 1 is a nontrivial solution of Eq. (1)
satisfying conditions (2), (4) and (5). Puttingw(z, ) into (3), we get the char-
acteristic equation

F\) =W'(m, \) + dw(m, \) =0. (13)
By Theorem 1 the set of eigenvalues of boundary-value problem (1)-(5) co-

/2
incides with the set of real roots of Eq. (13). Let ¢ = pil J la(7)|dr and
0

q2 = p% f q()dr

Lemma 2 (1) Let A > 4¢7. Then for the solution w; (x, \) of Eq. (8), the
following inequality holds:

lw (2, 0)] < 2v2|p1|, xe€ [o, g] . (14)

(2) Let A > max {447,4¢3}. Then for the solution wy (z,A) of Eq. (9), the
following inequality holds:
}, v e [gw} (15)

] |wy (x,A\)|. Then from (8), it follows that, for every

et

01

g (2, )] < 4v2 ) {

‘ P22
4p1 62

Proof. Let By = max[o -
' 2

A > 0, the following inequality holds:

1
Bix < V2p1 + gBl)\QI'



If s > 2¢q; we get (14). Differentiating (8) with respect to x, we have

wh(x,\) = —sv2sin (ﬂ + ﬁ) - I% ](](T) cos — (x —7)wi(r — A (1), N)dr

b1 4 1 P1
0
(16)
From (16) and (14), it follows that, for s > 2¢;, the following inequality holds:

jwi (2, A)] < svV2+2V2 1]

Hence , \
s
2 ] |wg (2, A)]. Then from (9), (14) and (17) it follows that, for
z,
s > 2q1, the following inequalities holds:

Let By) = max[

1 B
Bsoy < 42 ENE + b2 V2 + —2’\,
0 o2 | [praal 2
i P22
Boy < 4vV2 — .
o < \/_|p1|{ 5 + 4p152}

Hence if A > max {4¢7,4¢3} we get (15). m
Theorem 2 The problem (1)—(5) has an infinite set of positive eigenvalues.
Proof. Differentiating (9) with respect to z, we get

F(Z /\) s T
iz ) = — (EJ)Smi(x_1)+wcos_(x__)
2(#: ) P20t "\2 D2 2 02 D2 2

- pi% / o(7) cos p% (x— ) ws(r — A (1), Ndr. (18)
/2

From (8), (9), (13), (16) and (18), we get

s

SR D) cos<£+z>—i/ 7ysin (2 — 7wy (1 — A(r /\dT)
I (Vaprcos (524 [ A = (=80



jus

Y1 st 1 . s m
a2 V2 STT) L LA ~ A7), Nd
n - Vap, COS(Zpl —|—4) Splb/q(T)smpl(2 T)w (7 (1), \)dr
ST
X COS —
2p2

jus

Y2p2 . s 1 s
+ —sV2sin | — 4 — ——/ T)cos — (= — T)wi (T — A(7), N)dr
o (52 +3) 55 [ atneos 25 = bt - AN

0

K

ST 1 s
X sin — —— T)sin —(m — T)wa (T — A(7),N)d7 | =0 19
oo gz | T = (= AN (19)
3

Let A be sufficiently large. Then, by (14) and (15), the Eq. (19) may be
rewritten in the form

p1+p2 T
scos | sm +—14+0(1)=0 20
( 2p1p2 4) @) (20)

Obviously, for large s Eq. (20) has an infinite set of roots. Thus the theorem is
proved. m

3 Asymptotic Formulas for Eigenvalues and Eigen-
functions

Now we begin to study asymptotic properties of eigenvalues and eigenfunctions.
In the following we shall assume that s is sufficiently large. From (8) and (14),
we get

wi(z, \) =0(1) on [0, g] (21)
From (9) and (15), we get
wa(z, \) = O(1) on [g, 7 (22)

The existence and continuity of the derivatives w/(z, A)for 0 <z < T, [A] < o0,

and wh, (z, A) for § < <, [A] < oo, follows from Theorem 1.4.1 in [T3].
/ T ’ T
wls(xa A) = 0(1)7 T e [07 5] and w25('r7 A) = 0(1)7 T € [57 7T]. (23)

Theorem 3 Let n be a natural number. For each sufficiently large n, in case

1, there is exactly one eigenvalue of the problem (1)—(5) near % (4n — 3)?
Proof. We consider the expression which is denoted by O(1) in the Eq. (20). If
formulas (21) — (23) are taken into consideration, it can be shown by differenti-

ation with respect to s that for large s this expression has bounded derivative.lt



is obvious that for large s the roots of Eq. (20) are situated close to entire
numbers. We shall show that, for large n, only one root (20) lies near to each

% (4n — 3)®>. We consider the function ¢(s) = scos (Sﬂggﬁj + ”) +

O(1) . Tts derivative, which has the form

/ b1 D2 T b1 b2 . D1 D2 7
(25 = e O
(S) COS (87 . + ) ST ) Sin (57‘( ; + > —+ (]),

does not vanish for s close ton for sufficiently largen . Thus our assertion follows
by Rolle’s Theorem. m
Let n be sufficiently large. In what follows we shall denote by \,, = s2 the

eigenvalue of the problem (1) — (5) situated near % (4n —3)*. We set

Sp = % + 8. From (20) it follows that 6, = O (%) Consequently

_ Pip2 (4n —3) l
" 2 (p1 + p2) O(n) (24)

The formula (24) make it possible to obtain asymptotic expressions for eigen-
function of the problem (1) — (5). From (8), (16) and (21), we get

wi(x, \) = V2p; cos (;—T + g) + O(é), (25)

Wi (z, X) = —v2ssin (;—er%) +0(1). (26)

From (9), (22), (25) and (26), we get

wa(z, ) = V2 cos (sw(pg_pl) + 24 g) + O(%) (27)

01 2p1p2 D2

By putting (24) in the (25) and (27), we derive that

Ul = w1 (T, A) = \/_p COS(M+4)+O(%)

2(p1 +p2)
_ V2pim o (PrUn=3)z (p2 —p1) (4n —3) 1
Ugy = wa (T, \y) = 5 s( e +1 <1+ T+ ) >) +O(n).

Hence the eigenfunctions u, (x) have the following asymptotic representation:

4n—3)z P .
m (I _ \/—pl Ccos (pQQ((;D1+p2) + Z) + O(%) fOI’ HANS [07 5)7
n - \/_ (4n—3)x - (p2—p1)(4n—3) x
b cos (S + 5 (1+ SAEY) ) +0G) for we (Fl

Under some additional conditions the more exact asymptotic formulas which
depend upon the retardation may be obtained. Let us assume that the following
conditions are fulfilled:



a) The derivatives ¢'(z) and A”(r) exist and are bounded in [0, 5) (5, 7]

and have finite limits ¢'(§ +0) = lim ¢'(z) and A”(5+0) = lim A”( ),
z— 5 +0 =5+

respectively.

b) A'(z) <1 in[0,5)U(5, 7], A(0) =0 and lim A(zx)=

z—5+0
By using b), we have

z—Az) >0, foer[O,g) and x—A(x)Zg, for:zce(2 ] (28)

From (25), (27) and (28) we have

w1 (T — A (1), A) = V21 cos (pil (r— A1)+ g) +0(§), (29)

we (T —A(T),\) =

V2pim cos (577(1721)1) 4 s(r—A(1)) + ™
! 2p1p2 P2 4

)+O(§).

Putting these expressions into (19), we have

d
0=—2gn (LQH +p2) f) 4 2P o <7S7T(p1 +p2) | Z)
52 61 2]91]92 4

2p1p2 4
_dm sin(sw 1+ p2 ) / \/_q (s(27—A(7))+z> ir
p101 2p1p2 P 4

(2 22) / Vit m<s<2f—ﬁ<f>> Y

2p1p2 D1

+ sin (SW P+ P2 ) / \/_q cos (SA(T) — ﬁ) dr
2p1p2 D1 4
(Sﬂ' D1+ P2 ) / \/_q . (sA(T) 7T)
— cos — —)dr
2p1p2 D1 4

v | (Swsspl —p2) / Vi) (s(zf —A@) , Z) i

D201 2p1p2 2
/2



- COS( 2p1p2 ) / ! (SQT ;QA(T)) - g) ar
() ()

() [ B0 (305l cofl)

Let

(r. 5. Alr / V24(r (SA(T) _g> ar) (32)

It is obviously that these functions are bounded for 0 <z < 5,0 < s < oo. Let

C(z, s, AT /\/_q in(SApiT) ~ 1 dr
/2

D (z, s, AT / V24(7 cos (SApiT) - g) dr (33)
/2

IA
8
IA
A
o
A
V)
A
g

It is obviously that these functions are bounded for 3
Under the conditions a) and b) the following formulas

[ o (228 2o (1),

j o), (=80 Yo (1),

[0 o (=800 2 o (1),

// ) g, (222800 24, o (1) (34
J:



can be proved by the same technique in Lemma 3.3.3 in [I3]. From (31), (32), (33), (34)
we have

Cot<w 71') 1[72 d’le(x,s,A(T))+d”le(x,s,A(7'))]+O<i2)

2p1p2 4) s |02 P11 P201
Now using s, = % + 8, we get
cot ((2n— ks " 7 (p1 +P2)5n) _ —tanw(pl +p2)0n _ 2(p1+p2)
2 2p1p2 2p1p2 p1p2 (4n — 3)
T An—3 4n—3
v  ImB (5’ p121(7;f+p2))’A (T)) anD (W’ pl;();fwz))’A (T)) 1
X | =+ + +0 | =
P p101 D201 n?
and finally
T (4n—3) (4n—3)
s 4 [n, mEEEEETAM) D (nBEESLAM)
" (4n —3)m | b2 P11 p201
1
L0 (ﬁ)
Thus
m pip2(4n—3)
~ p1p2 (4n —3) 4 72 n dnB (5’ 12(1271+P2) ’A(T))
" 2(p+p2) (4n = 3)m | 02 p101

+ (35)

(4n—3)
dv1D (w, _p121(’12)1+p_2) 7A(T)) . O< 1 )
n2

P201 n?

Thus, we have proven the following theorem.

Theorem 4 If conditions a) and b) are satisfied then, the positive eigen-
values \, = s2 of the problem (1)-(5) have the (35) asymptotic representation
forn — oo .

We now may obtain a sharper asymptotic formula for the eigenfunctions.
From (8) and (29)

wi (2, A) = V2pi cos (—x i 5)
D1

1
_gowq(r)sin<pil(a:—7')>cos(W—I—g)dT—i—O<Si2>,

10



)= e (35) 25 0 o (5o (522

LS (.17 ()

wi (z, A) = cos

A
cn

47 [Va 4 Al 200

pl SpP1

_sin(;—erg)B(x, s, A(T))+O<i)_

SP1

Replacing s by s, and using (35) for = € [0, 3) we have

- (p1+p2) Az, pipodn=3) A(T)
U1y () = cos (p2 (4n Ty g) [\/_pl + ( 2(p1+p2) )

2(p1 +p2) pipa(4n — 3)
m p1p2(4n—3)
s (pz n—-3)z z) Py anB (5’ 201 +) ’A(T))
2 p1 + pz 4 47’L — 62 51

dpnD (=, B A (7))
P201

+

} o)

From (16), (29) and (32), we have

@ = —v/2sin <ﬁ + E) 3 B (z, s, A(T)) cos (Z_T + %)

2

p1 4 pis
Az, s, A(T)) sin (Z—T + %) 1 T
- 7 1o <S—2> e (o, 5} (38)

11



and (38) we have

4), (36)
{[\f <T>)
[ os (o7 z;;;;” ))<<¥—>

("G

[ n(s (b1 + p2) —3)+W>+sin<s<7ﬂ-(p2_p1)+£>+
2p1p2 D2 4 2p1p2 D2

)
B (3,5, A(T))} {szngr Y2p2 }

From (9), (30), (3
T 25,

3

TN

252 262]9%8

{—cos( ( pz—p1 )—i—ﬁ)—i—cos(s(iw(pl—’—m)—£>+K>}
2p1p2 p2 4 2p1p2 D2 4
(5.5,
282p %

”YQPQB
)l 2
2p1p2 D2 4

{Sm< ( (p2 —p1) I>+
2p1p2 D2

_ mp {D(I,S’A(T))&m( 4 T2 —pl))

5p2dy D2 2p1p2
< m(p2 — p1) 1 m
_C(x,5A ARt VR R QUIY Tl
(x,8,A(T)) cos s (p2 + 1P )} + (.92) , T € (2,4

Now, replacing s by s, and using (35), we have

N

U (7) = - { {( 1) sin (M) 1 cos <(4” ; 3)(p2 —p1) 7™ N (4n — 3)p1x N

201 2(p1+p2) (p1 +p2) 2(p1+p2)

12

™

4

)



2(]91 +p2)A(%7%7A(T») n (4n—3)p1:c
(1)
sin ((4n —3)(p2—p)m  (4n—3)pz 5)] 2(p1+p2) B (% %A(T)))
4(p1+p2) 2(p1+p2) 4 (4n — 3)pip2

g (i (G o gt o (S 2

4 02 p101

x (4n—3)p1p
. ((4n—3) (p2 —p1)m  (4n—3)p1x W)] v | @nB (5’ Wprtp2) (7)))
X sin —-— +
4 (p1 + p2) 2 (p1 + p2) 4

4 (p1 + p2) 2(p1+p2) 4

(4n—3)p1p2
anD (w2, A) © cos ((4n —3)(p2—p)m | (4n—3)p1x E) }
P20y

Y2 (p1+p2) (7 (4n—3)pip n (4n = 3)p1
52217?(271 —23)3 (57 2 (p1 +p12)2’A(T))) {(_1) o ( 2 (p1 +p21) )

T (47173) 1P2
; ((4n —3)(p2—p1)7™  (4n—3)p1z w) } 272 (p1 +p2) A (57 2(p1+f)2])0 7A(T))

4 (p1 + p2) 2(p1 +p2) 4 dapi(4n — 3)

x {(—1)"sm (M> +cos((4n_3) P2 —p)m | (0= Hma +g>}—

2(p1 +p2) 4 (p1 + p2) 2(p1 +p2)

291 (p1 + p2) {Sm ((4n— 3)(p2 —p)m | (4n—3)prx ”) D (x (4n = 3)pipy A(T)>

(4n — 3)d1p3 4 (p1 +p2) 2(p1 +p2) 4 2(p1+p2)

oy B3\ (W =3) (e —p)T (dn-3)piz  w 1
C( IO R )> ( it 201 tp) +42}) (%)
39

Thus, we have proven the following theorem.
Theorem 5 If conditions a) and b) are satisfied then, the eigenfunctionsu,, (x)of
the problem (1)-(5) have the following asymptotic representation for n — oo :

uin(z) for z€(0,%)
up(z) =

ugn(z) for x e (5,7

where uy, (z) and ug, (z) defined as in (37) and (39) respectively.
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