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Abstract

In this paper, we introduce the class Hﬂ%g‘ (a, 8,6, A, B) of generalized Janowski type
functions of complex order defined by using the Ruscheweyh derivative operator in the
open unit disc D = {z € C: |z| < 1}. The bound for the n-th coefficient and subordination
relation are obtained for the functions belonging to this class. Some consequences of our
main theorems are same as the results obtained in the earlier studies.
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1. Introduction and definitions

Let A denote the class of functions of the form
o0
flz)=z+ Z anz", (1.1)
n=2

which are analytic in the open unit disc D = {z € C: |z| < 1}. Let 8 denote the subclass
of A which are univalent in .

The hadamard product or convolution of two functions f(z) =z + Y 725 a,z™ € A and
g(z) =24+ > 729 bp2™ € A denoted by f * g, is defined by

(f+9)(2) =24 ) anbp2"
n=2

for z € D.
In 1975, Ruscheweyh [10] introduced a linear operator

DHf(2) = ——g 5 f(2) =2+ 3 pn (@) an" (1.2)
(1 - Z) n=2
with (a N 1)
®n <a> = ﬁ
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for &« > —1 and (a),, is Pochhammer symbol defined by
~_T'(a+n)
(a), = “T(a)
fora € Cand N={1,2,3,...}.
Notice that
Dif(2) = f(2),
Drf(2) = 2f (2)

and

m B z (ML ()™ B s I'(n+m) "
i) = m! _Z+nz:2f(m—|—l)(n—1)! fin*

foralla =m e Ny ={0,1,2,...}.

In recent years, several authors obtained many interesting results for various subclasses
of analytic functions defined by using the Ruscheweyh derivative operator.

Given two functions f and F, which are analytic in the unit disk D, we say that the
function f is subordinated to F' , and write f < F or f(z) < F(z), if there exists a
function w analytic in D such that |w (2)| < 1 and w (0) = 0, with f(z) = F(w (z)) in D.

In particular, if F' is univalent in D, then f (z) < F (z) if and only if f (0) = F (0) and
7 (D) C F (D).

Let P denote the class of all functions of the form p(z) = 1+ > 02, p,2™ that are
analytic in D and for which R p(z) > 0 in D.

For arbitrary fixed numbers A and B with —1 < B < A < 1, Janowski [5] introduced
the class P (A, B), defined by the subordination principle as follows:

1+ A
P(A,B) = {p: p(z) < 1—-::73£’ p(z) = 1—|—p12+p222+...}.
Also, if we take A =1 and B = —1, we obtain the well-known class P of functions with

positive real part.
In 2006, Polatoglu [8] introduced the class P (4, B, d) of the generalization of Janowski
functions as follows:
1+ Az

iP(A,B,&):{pI p(a) <(1=0) 15,

for arbitrary fixed numbers A and B with —-1< B<A<1, 0<§<1, z€D.

Let 8* and C be the subclasses of § of all starlike functions and convex functions in I,
respectively. We also denote by §*(a) and C(«) the class of starlike functions of order o
and the class of convex functions of order «, where 0 < o < 1, respectively.

In particular, we note that 8* := 8*(0) and € := €(0).

In [9], Reade introduced the class C8* of close-to-star functions as follows:

GS*—{fEA:%f(Z)>Oand geS*}

9(2)
for all z € D. Also, we denote by C8*(3) the class of close-to-star functions of order S
where 0 < 8 < 1. ( See Goodman [3]).

In [6], Kaplan introduced the class CC of close-to-convex functions as follows:

+ 0, p(z):1+plz+p222+...}. (1.3)

GG—{feA: §Rf,/<z)>0and ge@}
g (2)
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for all z € D. Also, we denote by CC(8) the class of close-to-convex functions of order S
where 0 < 8 < 1. ( See Goodman [2]).
Clearly, we note that C8* := €8*(0) and CC := CC(0).

f € A is an A-spirallike function , $P*, if and only if

R ei)\ Zfl (Z) >0
f(z)
for some |A| < T, z € D. The class of A-spirallike functions was introduced by Spacek in
[11].
Also, f € 8P if and only if there exists a function p € P such that

f(z)=zexp {cos)\ei/\ /OZ p(t)t_ldt} :

We note that the extremal function for the class of $P*

f(z)= (1_22)25 where s = e Pcos),

the A-spiral koebe function.
f € A is an A\-Robertson function , R?*, if and only if

R ei)\ 1+ Zf, (Z)
2 (5
Lemma 1.1. f € R* if and only if there exists a function p € P such that

Z cos\ — e
I (2) = exp {e_i/\/o p(t)Adt} (1.4)

>0

for some |A| < §, z € D.

t cosA
for some |\ < 5, z € D.

Proof. Suppose that f € R*. Since it is a A-Robertson function, there exists a function
p € P such that

, 2f" (2) T
et (14 2 =p(z) cosA (/\ <,z€ID>>.
< e ) =) <2
From this equality, we can easily obtain (1.4).

Conversely, suppose that (1.4) holds. If we take the logarithmic derivative of (1.4), f (z)
belongs to R*. So that, the proof is completed. O

We note that f € R* if and only if zf € SP.
f € A is an A-close-to-spirallike function , GSP?, if there exists a function g € SP* such

that
R

for some [\ < 5, z € D.

We note that the extremal function for the class of CSP*
z+ 27 N
f(z)= m, where s=-e "cos\,

the A-close-to-spiral koebe function.
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f € A is an A-close-to-Robertson function |, @R, if there exists a function g € R* such

that
f ()
R [g, (2)1 >0

for some [\ < §, z € D.
Haidan [4] introduced the class 8P* (b) of A-spirallike functions of complex order b as

follows:
8P (b) = {f EA: §R{1+ bf;; (ZJ{(S) - 1)} > 0}

for some [\ < 5, b€ C—{0},z € D.
Haidan [4] introduced the class R* (b) of A\-Robertson functions of complex order b as

follows:
wo-{rea afie g (50} o)

for some [\ < §, b€ C—{0},z € D.

Now, respectively, we introduce the classes of \-close-to-spirallike functions of complex
order b and A-close-to-Robertson functions of complex order b, denoted by €SP (b) and
CR* (b) , as follows:

esnﬁ(b):{feﬂz %{1+2<§Ej§—1)}>0 ,gES‘J’A}

_ _ 1(f(2)
GRA(b)_{feA. m{1+b<g/(z)—1>}>o ,gER)‘}

for some [\ < §, b€ C—{0},z € D.

and

Definition 1.2. The class of generalized Janowski functions which are defined by Ruscheweyh
derivative operator in z € D, denoted by HbeA (o, 8,90, A, B), is defined as

A DEf(2) 1+ Az
R 5, A, B) = A 145 RE ) 214 5 sP
8 b(a757 s L1y ) {fe +bCOS)\ <D§g(2’) -<( )1+BZ+ 796

for some [\| < 5,0 C—-{0},a>—-1, 3>-1,0<6<1,-1<B<A<LI1 zeD.

Nothing that the class HfR{,\ (e, 8,6, A, B) include several subclasses which have impor-
tant role in the analytic and geometric function theory.
By specializing the parameters «, 3, §, A, b and A, B, we obtain the following subclasses
studied earlier:
(1) €8} (6,A,B) := JR?(0,0,6, A, B) is the class of the generalized Janowski type
close-to-star functions of complex order b,
(2) €8} (A, B) :=JR?(0,0,0, A, B) is the class of the Janowski type close-to-star func-
tions of complex order b,
(3) €8* (A, B) :=JR{(0,0,0, A, B) is the class of the Janowski type close-to-star func-
tions,
(4) €8* (1) := JRY(0,0,0,1 — 21, —1) is the class of the close-to-star functions of order
UR
(5) €8* := gJRV (0,0,0,1,—1) is the class of the close-to-star functions,
(6) CCy(5,A,B) := JRY(1,0,6, A, B) is the class of the generalized Janowski type
close-to-convex functions of complex order b,
(7) €Cy (A, B) := JR) (1,0,0, A, B) is the class of the Janowski type close-to-convex
functions of complex order b,
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(8) €C(A,B) := JR{(1,0,0, A, B) is the class of the Janowski type close-to-convex
functions,
(9) €C(n) := IRV (1,0,0,1 — 21, —1) is the class of the close-to-convex functions of
order 7,
(10) €€ :=JRY(1,0,0,1,—1) is the class of the close-to-convex functions.

Lemma 1.3. [1] If the function p(z) of the form

o0
p(z) =1+ Z P2
n=1

is analytic in D and

1+ Az
1+ Bz’
then |pp| < A—B, forneN,-1<B<A<I.

p(2) <

Theorem 1.4. [3] If f € 8P, then

n—1
|k +2s — 1]
lan| < [ —F—.
k=1 k

where s = e"™cosA, [N < I, z € D.

2. Subordination result and their consequences
Theorem 2.1. f(2) € IR} (a, B, 0, A, B) if and only if
DG f(2) (1 —6)(A— B)be Pcos) z

—1= . 2.1
Dgg(z) 1+ Bz (2.1)

Proof. Suppose that f € HIR{} (a, 8,6, A, B). Using the subordination principle, we write
er [(DLf(2) 1+ Aw (2)

—1|=01-6) ———= +6. 2.2

+ bcosA ‘Dgg(z) ( ) 1+ Bw (%) * (22)

After simple calculations, we get

= <@3sf<z> ) 1) _(1-§(A-Bw()
bcosA pgg(z) 1+ Bw (z) ’

Thus, this equality is equivalent to (2.1). Similarly, the other side is proved. O

In Theorem 2.1, if we choice special values for «, 38, §, A, b and A, B we get the following
corollaries.

Corollary 2.2. f(z) € CSP* (b) if and only if
f(2) 2be " cos\ z
- 7 _< N
9(2) 11—z

and this result is as sharp as the function

2be~ P cos\ 2 —ix
W, where s = e “"“cosA.
-z

Proof. Welet a=p=606=0and A=1,B = —1 in Theorem 2.1. O
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Corollary 2.3. f(z) € C8* (A, B) if and only if
), (A-B):

9(2) 1+ Bz
and this result is as sharp as the function
1+ Az z

1+ B2 (1-2)%
Proof. Welet \=a=p=3§=0and b=1 in Theorem 2.1.
Corollary 2.4. f(z) € C8* if and only if
2
fe) L 2

g(z) 1—=z2
and this result is as sharp as the function
1+2
1—-=2
Proof. Welet \=a=p=06=0andb=1,A=1,B = —1 in Theorem 2.1.
Corollary 2.5. f(z) € R*(b) if and only if

z2f' (2) - 2be A cos\ z

9(2) 1=z
Proof. Welet a=1,=0d=0and A=1,B = —1 in Theorem 2.1.
Corollary 2.6. f(z) € CC (A, B) if and only if
/
TN
Proof. Welet \==§d=0and a=1,b =1 in Theorem 2.1.
Corollary 2.7. f(z) € CC if and only if

2f' (2 2z
;;)_1<1—z

and this result is as sharp as the function

1+z2

1—z

Proof. Welet \=f=0=0anda=1,b=1,A=1,B = —1 in Theorem 2.1.

3. Coefficient estimates and their consequences

Lemma 3.1. If the function ¢ (z) of the form

o(z) =1+ Z P2
n=1

is analytic in D and
1+ Az

6(2) < (1=8)

+ 0,
then

[¢n| < (A= B)(1-9)
for 0<d<1,-1<B<A<1lneNzeD.

1731
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Proof. Suppose that ¢(z) < (1—19) ij_gz + 9 for ¢(z) = 1+ >02, ¢pn2". Using the
subordination principle, we write

1+ Aw (2)

6() = (=0 o+ (3.2)

From (3.2), we get
B d(z)—9 B 1+ Aw (2)
fE) =0 T 1T Be ()
By using Lemma 1.3 for the above function « (2), we get

®n
1-0
This inequality is equivalent to (3.1). O

Theorem 3.2. If the function f (z) € A be in the class HIR{,\ (o, 8,9, A, B), then

<A-B.

1

|an| < Bl o (@) (3.3)
n— m+1
X(\b!wn H’k+28 1y +(A-B) [Z«pnm H Wk_ll])
k=1

where s = e cos\, N<Z,beC—{0},a>-1,8>-1, 0<6<1,-1<B<AL],
z € D.

Proof. Since f € HIRA (e, 8,0, A, B), there are analytic functions g, ¢ : D —— D such that
g(2) =24+ 3 0o bp2" ESIP)‘, d(z) =143 72 ¢z and w (z) is a Schwarz function as in
Lemma 3.1 such that

2\ D%f(z)_l _(1_5)1+Aw(z)
bcosA @gg(z) B 1+ Bw(z)
for z € D. Then (3.4) can be written as

8f(z) = {1+ 5[ (2) — 1]} Dirg(z)

+6=0(2) (3.4)

or
00 [e's} n—1
z+ Z On (@) an2" = 2 + Z {(pn (8) by, + sb Z On—m (B) bp—m ¢m} o
n=2 n=2 m=1
Equating the coefficients of like powers of z, we get
P2 () az = 2 (B) by + sb 1,
@3 (@) az = @3 (B) bz + sb [p2 (B) bap1 + ¢2]
and

Pn (O[) an = $¥n (6) by, + sb [Son—l (/B) bn—1 ¢1 + Pn—2 (5) b2 G2+ ...+ ¢n—1] .
By using Lemma 3.1 and Theorem 1.4, we get (3.3). O

Corollary 3.3. Let f (z) € A be in the class CSP* (b), then
n— n— m+1
]k+% ! 1k 425 —
|an| < 0] H 21> H — |
!bl =l k
where s = e~ cos\, |\ < %, be C—{0}, z€D.
Proof. In Theorem 3.2, we takea = =0=0and A=1,B = —1. O
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Corollary 3.4. [7] Let f(z) € A be in the class C8* (A, B), then

(A—=B)(n—1)n

\an!§n+ B >

where —1 < B< A<1, z€D.
Proof. In Theorem 3.2, we take a =5 =d=A=0and b= 1. U
Corollary 3.5. [7] Let f (z) € A be in the class C8*, then

|a“n| S n27

where z € D.
Proof. In Theorem 3.2, we take a =5 =d=A=0and b= 1. O
Corollary 3.6. Let f (z) € A be in the class R (b), then

n—1 n—(m+1)

k+2 k+2s—1
ol = (“H| 2y H |k|)
m=1

where s = e *cosA, |A| <5, beC—{0}, z€D.
Proof. In Theorem 3.2, we takea =1, f=d=0and A=1,B=—1. U
Corollary 3.7. [7] Let f (z) € A be in the class CC (A, B), then

lan| <14 (A—B)2(n—1)7

where —1 < B< A<1, z€D.
Proof. In Theorem 3.2, we take a =1, f=d=A=0and b= 1. O
Corollary 3.8. [7] Let f (z) € A be in the class CC, then

|aﬂ| S n,
where z € D.
Proof. In Theorem 3.2, we takea =1, =0=A=0and A=1,B=-1,b=1. O
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