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Abstract. In this study, we have used a newly modified Ishikawa iteration method and 

the Haar wavelet method to solve an ordinary linear differential equation with initial 

conditions. Using the modified Ishikawa iteration approach, we derive approximate solutions 

to the issue as well as the related iterative schemes. For this problem, the Ishikawa Iteration 

Method is applied for different lambda and gamma values and approximation solutions for 

these values are compared with the approximate solution of Haar wavelet collocation and its 

exact solution. Finally, the error tables are written and the graphs are shown. 

Keywords: Ordinary differential equation; modified Ishikawa iteration; Haar wavelet 

collocation method. 
 

 

1. INTRODUCTION 
 

 

Fixed point theory contains a considerable quantity of literature since it gives 

important tools for solving problems in different areas such as technology, engineering, 

economics, etc.  However, if the presence of any mapping's fixed point is proven, finding the 

value of that fixed point becomes challenging, which is why iterative procedures are 

employed to calculate them. Someone can’t list all the iterative processes that have been 

created. The Banach contraction theorem, which is a well-known theorem in analysis, uses a 

process called Picard iteration to approximate fixed points. Mann [1], Ishikawa [2], Agarwal 

[3], Noor [4], Abbas [5], Sahu [6], Khan [7],  Gürsoy [8], Karakaya [9], and others are 

examples of well-known iterative processes. 

So far, most academicians have studied a variety of numerical methods for solving 

different types of differential equations.  L.E.J. Brouwer first proposed the fixed-point theory 

of normed linear spaces [10-16]. Following this, the use of normed direct spaces to 

approximate fixed-point theory [17,18], Banach spaces [6], and Hilbert spaces [19] is gaining 

popularity. In this paper, we take a differential equation and demonstrate how to use the 

Modified Ishikawa iteration approach to solve it. Later on, we investigate the Modified 

Ishikawa and Haar wavelet collocation methods compared to each other. Then, we present the 

tables and draw the graphs. As a result, we can identify whether iteration is more powerful or 

provides the most accurate approximation. Let’s go through some of the key theorems and 

definitions. 
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2. PRELIMINARIES 
 

 

Theorem 2.1. Let       be a complete metric space and       be a contraction with the 

Lipschitzian constant  .    then has a fixed point     that is unique. 

Additionally, we have 

 

   
   

        

 

           
  

   
          

for any     (see, [17]). 
 

Corollary 2.2. Let       be a complete metric space and                        , 

where      and    . Assume              is a contraction (that is,              
        for all              with       ) with                   . Then   has 

a unique fixed point in         [17]. 
 

Definition 2.3. If the sequence        
  has the condition          for           ,  it is 

named as the Picard iteration [20]. 
 

Definition 2.4. Let       be arbitrary. If the sequence        
  has the condition 

 

                      
 

                    
 

for            ,  it is named as Ishikawa iteration [2] where      and      are positive 

number sequences that provide the following criteria: 
 

                     ,      

                      
                       

 

Definition 2.5. If     ,           and   is given contraction mapping in terms of Picard 

iteration and the        
  sequence satisfies the following criteria: 

 

                      

                   
        for         

 

                     
 

  
  for      

 

           ,           
 

It is named as Modified Ishikawa iteration where                
 

  
 [18]. Consider 

the following example to demonstrate the performance of the modified Ishikawa iteration 

approach in solving linear differential equations, as well as to explain the method given in this 

study's accuracy and efficiency. We utilize this iteration method and the Haar wavelet 

collocation method in this example. Following that, a comparison of the two approaches is 

given as figures and tables. 
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3. NUMERICAL APPLICATION 
 

 

Example 3.1. Consider                 with the initial condition        .  First, the 

exact solution of the equation is found as              
   

  .  
 

Now, for special values of λ and γ, by applying the Modified Ishikawa Iteration 

Method to the problem, then 
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are calculated. Let us now present a table showing the absolute error about Example 3.1 for 

various values of   and   as follows: 
 

 
Figure 1. Comparison of Haar wavelet method and modified Ishikawa iteration method by using various 

values of   and  . 

 

Table 1. Error table for modified Ishikawa iteration technique with various values of   and   

Modified Ishikawa Iteration Method 
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Modified Ishikawa Iteration Method 

   
        
      

        
       

        
      

         
       

         
       

           
       

        
         
      

          
      

         
      

         
      

        
      

         
      

        
         
      

          
      

         
      

         
      

         
      

         
      

        
         
      

          
      

         
      

         
      

        
      

         
      

        
         
      

          
      

         
      

         
      

        
      

         
      

        
         
      

          
      

         
      

         
      

         
      

         
      

        
         
      

          
      

         
      

         
      

         
      

         
      

        
         
      

          
      

         
      

         
      

         
      

         
      

        
        
      

          
      

         
      

         
      

         
      

         
      

        
         
      

          
      

         
      

         
      

         
      

         
      

        
         
      

          
      

         
      

         
      

         
      

         
      

        
         
      

          
      

         
      

         
      

         
      

         
      

        
         
      

          
      

         
      

        
      

         
      

         
      

        
         
      

          
      

         
      

         
      

         
      

         
      

 

Table 2. Error table for Haar wavelet collocation method for     

   Exact Solution of      
Solution of       with HWCM 

for     

Absolute Error for HWCM for 

    

             

                                                           

                                                           

                                                            

                                                            

                                                            

                                                            

                                                            

                                                            

                                                            

                                                            

                                                            

                                                            

                                                            

                                                            

                                                            

                                                            

 

 

4. CONCLUSION 
 

 

It is demonstrated that the modified Ishikawa iteration approach is effective in solving 

the problem. However, comparing it to the Haar wavelet collocation method developed for 

solving linear differential equations reveals that the Haar wavelet approximation has a lower 

error rate. 
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