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This study aims to analytically measure the fully developed laminar flow and heat 
transfer the water-based nanofluids, Cu, CuO, and Al2O3, within a micropipe with 
constant heat flux, under the temperature jump and slip rate boundary conditions. 
Knudsen number, nanoparticle volumes, and ratios of liquid layer thickness to par-
ticle radius are assumed, 0, 0.02, 0.04; 0%, 4%, %8, and 0.1, 0.2, 0.4, respectively. 
The findings suggest that adding nanoparticles to flow area has significant effect 
on both the velocity field and the heat transfer. There is a significant decline in 
the velocity both at the core and on the walls in the velocity area, due to the in-
crease in the solid volume and the ratios of liquid layer thickness to particle radius 
after adding nanoparticles to flow area, and the increase of Nusselt number is 
significantly proportional to that of the solid volume and the ratios of liquid layer 
thickness to particle radius. Among the nanoparticles, Cu, CuO, and Al2O3, used 
as nanofluids within the micropipe, Cu is found to be the one with the highest heat 
transfer enhancement, followed by Al2O3, and CuO, respectively.
Key words: micropipe, nanofluid, water, Cu, CuO, Al2O3, slip flow, slip factor, 

Nusselt number

Introduction

Increasing heat flux of electronic components in fields requiring high technology such 
as aeronautics, medicine, defense, and aerospace makes two-phase cooling practices where less 
surface temperature rise is seen more and more convenient. The fact that electronic components 
have become more compact, and smaller in dimensions, has led to a significant increase in the 
amount of heat emitted per unit area of such components [1-5]. It is inevitably important to 
rapidly and effectively remove the high heat fluxes produced by such components to ensure 
efficient lifecycle and performance. Hence, thanks to higher ratios of heat transfer surface area 
to volume, and lower requirement for fluids, micro-channels are now an important alternative 
[6-9]. Micro-channels have higher ratios of heat transfer area to volume, allowing a higher 
amount of heat transfer on smaller surfaces, which, in turn require a lower amount of fluid  
[10-14]. To increase the heat transfer performance of micro-channels, the use of thermally 
enhanced fluids is now more preferrable. Such fluids, obtained by blending fluid with nanopar-
ticles with higher thermal conductivity than that of standard fluids, are called nanofluids. Nano-
fluids, formed using special methods, are not simple solid-liquid suspensions with improved 
thermal properties, but act like a single-phase fluid with high stability and no sedimentation 
tendency [15-19]. In most studies, researchers have placed great importance on increasing the 
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heat transfer performance, with continuing efforts to obtain and use the fluids for more efficien-
cy [20-24]. Compared to other fluids, nanofluids have been emerging recently, and becoming 
increasingly popular in recent years for heat transfer practices. Nanofluids are obtained through 
the homogeneous dispersion of nanosized metals, metal oxides, carbon nanotube particles into 
conventional heat transfer fluids. The most important advantage of such fluids is the achieve-
ment of stabilization as it is the only way that thermal performance tends to increase [25-27]. 
Nanoparticles added to pure fluids, used in heat transfer practices, contributes to the thermo-
physical properties of the fluid, and consequently, results in significant improvement in heat 
transfer. One of the main reasons of such improvement in heat transfer using nanofluids is the 
increase in the heat transfer coefficient of the fluid [28-32]. This increase in heat transfer with 
the use of nanofluids leads most of the research on nanofluids to study the thermal conductivity 
coefficient of nanofluids and the positive development of heat transfer with nanofluids [33, 34]. 
Micro-channels with their significant potential to remove excess heat resulting from the surface 
area to volume ratio on small areas, would allow the design of high efficiency heat exchangers, 
thanks to their use in combination with nanofluids with improved thermal properties, rather 
than conventional thermal heat transfer fluids with insufficient thermophysical properties and 
thermal conductivity [35-37]. In a study, nanofluids (0.2-1.0%) were produced from Boehmite 
nanoparticles, composed of 50% water and 50% ethylene glycol, and with different particle 
shapes and used as the working fluid in a double-pipe heat exchanger. Buffers were placed at 
different angles on the flow area and the highest heat transfer coefficient obtained under lami-
nar flow conditions was at 20° buffer angle and with cylindrical particles [38]. Another study 
using nanofluids in heat exchangers analyses CuO-water and TiO2-water nanofluids in a helical 
coil heat exchanger under laminar flow conditions, using CFD method. In the study, where the 
highest volumetric concentration is 2.0%, the highest heat exchanger efficiency achieved at this 
concentration is found to be 90% with CuO-water nanofluid. Nusselt number is observed to 
have increased by 97% under the same conditions [39].

This research aims to study the slip flow of nanofluids in a microtube, heated with a 
constant heat flux, analytically. The results from the study are analyzed to find out the effective-
ness of water-based nanofluids, Cu, CuO, and Al2O3 on fluid-flow and heat transfer.

Analysis

The geometry and co-ordinate system of the microtube are given in fig. 1. It is as-
sumed that the nanofluid in the pipe is laminar flow and incompressible. It is also assumed that 
the nanofluid is a fully developed flow with stable thermo-physical properties. A single-phase 
approach was used to model both fluid-flow and heat transfer. The purpose of using a sin-
gle-phase approach here is because nanoparticles are very small in size and can be fluidized 

very easily. The thermal equilibrium condition 
is accepted for fluid particles and nanoparticles. 
Therefore, it is assumed that fluid particles and 
nanoparticles flow at the same velocity. The 
z-axis represents and is through centerline of 
the micropipe and the r-axis is perpendicular to 
it. The equations with viscous diffusions used 
in the study are:

Examples of centered formulas:
2

2
nf

d 1 d
dd

u p
zr µ

= (1)

Figure 1. Geometry and the co-ordinate system
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where u, ρ, T, µ, cp, and α are the dimensional component of velocity in the z-axis, dimensional 
pressure, the temperature, the viscosity of the fluid, the heat capacity, and the thermal dissipa-
tion, respectively. The viscosity of nanofluids is usually estimated using the following formula 
suggested by [40] for a two-phase mixture. In this study, the model [40] is used:
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The nanofluid thermal diffusion coefficient is defined:
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In order to determine the heat transfer coefficients of nanofluids, the models proposed 
in the literature for solid-liquid mixtures with micron-sized particles are used. In this study, 
the model by [41], which states that the base liquid should contain solid particles and sol-
id-like nanolayers, and that the solid-like nanoparticle acts as a thermal bridge between the sol-
id nanoparticle and the base fluid, and includes the liquid layering effect on the nanoparticles:
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where β is defined as the ratio of the liquid layer thickness to the nanoparticle radius [42]. De-
fines the thermal capacity of nanofluids:

( ) ( )( ) ( )nf nf p
1p p pc c cρ φ ρ φ ρ= − + (6)

The boundary conditions for slip rate and temperature jump for a stationary wall are 
given in eqs. (8) and (9), respectively:
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where us and uw are the slip rate of the fluid on the wall and the velocity of the wall, respectively:
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where Ts and Tw are the temperature of the fluid on the wall and the temperature of the wall, 
while σ and σt are the tangential momentum coefficient and the thermal cohesion coefficient, 
respectively. 

Velocity profile

Dimensionless variables used in the study:
0

s
m,f m,f 0 0 f m,f 0

 ,  , , ,  , Kn
2

su pRu r zU U R Z P
u u r r u r

λ
µ

= = = = = = (9)

where µm,f is the average velocity of the base fluid.
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The dimensionless momentum equation in the x-direction and the necessary boundary 
conditions are obtained:

2
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Given the boundary conditions in eqs. (10)-(12) the analytical solution the equation:
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Temperature distribution

The dimensionless temperature:
s

w 0
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Dimensionless energy equation:
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where a is represented:
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where Br, on the other hand, represents the modified Bbrinkman number:
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The energy equation is applied to the following boundary conditions:
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The solution of eq. (15) under thermal boundary conditions:

( ) ( ) ( )

( )
( )

( )

s f f
3

w 0 nf nf

f
2 4

2 4f f
2

nf nf

4 32Br
1 8Kn 1 8Kn

3 2Kn 1 1
4 16 16 1 8Kn

T T kR
q r k
k

kR R BrR R
k

µ
θ

µ

µ
µ

 −  = = + ⋅
+ + 

 
⋅ − + − − − − 
  + 

(20)

Equation 20 is denominated by Ts and converted to an equation nominated by Tw, 
using conversion formula:
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after which the eq. (22) becomes:
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In fully developed flows, the Nusselt number is defined by the mean fluid temperature. 
The average temperature is represented:
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The dimensionless average temperature in modified Brinkman is obtained:
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The forced convection heat transfer coefficient is represented:

w
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after which the average Nusselt number is represented:
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Finally, when the dimensionless average temperature substituted, the average Nusselt 
number is represented:
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Analysis

Thermo-physical properties of pure water, Cu, CuO, and Al2O3 are shown in tab. 1. 
Three different nanoparticles solid volume values, 0, 0.04, and 0.08, were used. For values 
between 0 and 0.04 of the Knudsen number, the Brinkman number, solid volume ratio, and the 
ratio of liquid layer thickness to nanoparticle radius were calculated. The Brinkman number 
was between –0.1 and 0.1, the solid volume ratio was between 0 and 0.08, and the ratio of liquid 
layer thickness to nanoparticle radius was between 0 and 0.4. Water was taken as the working 
fluid with Pr = 6.2 and Cu, CuO, and Al2O3 as the nanoparticles.

Table 1. Thermo-physical properties of Cu, CuO, Al2O3 and water
Property Water Cu CuO Al2O3

ρ [kgm–3] 997.1 8933 6500 3970
cp [Jkg–1K–1] 4179 385 535.6 765
k [Wm–1K–1] 0.613 400 20 40

The axial dimensionless velocity profile 
for various values of the slip factor and solid 
volume ratio (ϕ = 0.04 and ϕ = 0.08) is shown 
in fig. 2.

As the slip factor, Kn, increases, the slip 
velocity on the walls increases, while the ve-
locity in the core region gradually decreases. 
However, with the increase of the solid volume 
in nanoparticles, the velocity decreases, while 
the sliding velocity on the wall increases. The 
increase in the nanoparticle volume leads to an 
increase in the viscous forces of the nanofluid. 

Due to the increase in viscous forces acting opposite the nanofluid, the fluid velocity decreases. 
Therefore, viscous forces increase, and it is observed that as the nanoparticle volume increases, 
the velocity decreases. When the solid volume rate is ϕ = 0, the base fluid is formed, and the 
velocity increases, which is clearly shown in tab. 2.

As the Knudsen number increases, the temperature jump on the micro-channel walls 
increases, and as a result, the Nusselt number decreases, which in turn, reduces the heat trans-
fer. For viscous dissipation Br < 0, the fluid is cooled by the cold wall, while for Br = 0, where 
viscous dissipation is neglected, and Br > 0, the fluid is heated by the hot wall. Reviewing  
figs. 3-5, the graphs for Cu, CuO, and Al2O3, for the negative values of the Brinkman number, 
indicate that the temperature jump increases and the average Nusselt number decreases as the 

Figure 2. Velocity profile
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Knudsen number increases. Consequently, the decrease in the Nusselt number has negative 
effect on the heat transfer. However, the introduction of nanosized particles to the flow area  
(ϕ = 0.04, ϕ = 0.08) increases the heat transfer. When the nanoparticle rate is increased from 4% 
to 8%, the Nusselt number becomes higher as indicated tabs. 3-9. The increase in the Nusselt 
number also provides a significant increase in heat transfer by increasing the ratio of the liquid 
layer thickness to the nanoparticle radius. The increase in heat transfer is clearly seen both figs. 
3-5 and tabs. 3-9. This is also applicable for the positive values of Brinkman number.

Figure 3. Variation of Nusselt 
number and slip factor for Cu 
nanofluid at different solid volume 
rates and different ratios of liquid 
layer thickness to nanoparticle 
radius; (a) pure water Pr = 6.2,  
(b) Cu ϕ = 0.04, and (c) Cu ϕ = 0.08

Table 2. Slip rates occurring in the core and on the walls for 
various values of slip factor and solid volume rate

Kn

U
Pure water ϕ = 0.04 ϕ = 0.08

Y = 0  Y = ±1 Y = 0  Y = ±1 Y = 0  Y = ±1
0 2.0000 0 1.8060 0 1.6237 0

0.02 1.8621 0.1379 1.6814 0.1245 1.5117 0.1120
0.04 1.7576 0.2424 1.5877 0.2189 1.4269 0.1968
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Figure 4. Variation of Nusselt number and slip factor for CuO nanofluid at different  
solid volume rates and different ratios of liquid layer thickness to nanoparticle radius;  
(a) CuO ϕ = 0.04 and (b) CuO ϕ = 0.08

Figure 5. Variation of Nusselt number and slip factor for Al2O3 nanofluid at different  
solid volume rates and different ratios of liquid layer thickness to nanoparticle radius;  
(a) Al2O3 ϕ = 0.04 and (b) Al2O3 ϕ = 0.08

Table 3. Fully developed Nusselt number for different values 
of Knudsen and Brinkman numbers for pure water

Kn Br = –0.1 Br = 0 Br = 0.1
0.0 7.7419 4.3636 3.0380
0.02 6.4777 4.5375 3.4910
0.04 5.8873 4.6250 3.8084

Table 4. Fully developed Nusselt number ϕ = 0.04 for different 
values of Knudsen and Brinkman numbers for Cu

Kn
Br = –0.1 Br = 0 Br = 0.1

β = 0.1 β = 0.2 β = 0.4 β = 0.1 β = 0.2 β = 0.4 β = 0.1 β = 0.2 β = 0.4
0.0 8.4100 8.7972 9.8509 5.0912 5.3309 5.9693 3.6558 3.8241 4.2821
0.02 7.2638 7.5983 8.5083 5.2993 5.5433 6.2072 4.1771 4.3632 4.8858
0.04 6.6983 7.0067 7.8459 5.4014 5.6502 6.3269 4.5253 4.7337 5.3006
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Table 5. Fully developed Nusselt number ϕ = 0.08 for different 
values of Knudsen and Brinkman numbers for Cu

Kn
Br = –0.1 Br = 0 Br = 0.1

β = 0.1 β = 0.2 β = 0.4 β = 0.1 β = 0.2 β = 0.4 β = 0.1 β = 0.2 β = 0.4
0.0 9.1610 9.9923 12.4260 5.9157 6.2554 8.0240 4.3682 4.6191 5.9250
0.02 8.1277 8.8652 11.0244 6.1514 6.5040 8.3437 4.9482 5.2323 6.7117
0.04 7.5914 8.2803 10.2970 6.2700 6.6300 8.5046 5.3404 5.6471 7.2437

Table 6. Fully developed Nusselt number ϕ = 0.04 for different 
values of Knudsen and Brinkman numbers for CuO

Kn
Br = –0.1 Br = 0 Br = 0.1

β = 0.1 β = 0.2 β = 0.4 β = 0.1 β = 0.2 β = 0.4 β = 0.1 β = 0.2 β = 0.4
0.0 8.3052 8.6568 9.6081 5.0327 5.2458 5.82226 3.6102 3.7630 4.1766
0.02 7.1734 7.4770 8.2986 5.2333 5.4548 6.0542 4.1192 4.2935 4.7654
0.04 6.6149 6.8949 7.6526 5.3342 5.5600 6.1709 4.4689 4.6581 5.1700

Table 7. Fully developed Nusselt number ϕ = 0.08 for different 
values of Knudsen and Brinkman numbers for CuO

Kn
Br = –0.1 Br = 0 Br = 0.1

β = 0.1 β = 0.2 β = 0.4 β = 0.1 β = 0.2 β = 0.4 β = 0.1 β = 0.2 β = 0.4
0.0 8.9416 9.6871 11.8416 5.7739 6.2554 6.4960 4.2636 4.6191 5.6664
0.02 7.9333 8.5945 10.5059 6.0040 6.5046 7.9513 4.8296 5.2323 6.3960
0.04 7.4095 8.0274 9.8127 6.1198 6.6300 8.1046 5.2124 5.6471 6.9030

Table 8. Fully developed Nusselt number ϕ = 0.04 for different 
values of Knudsen and Brinkman numbers for Al2O3

Kn
Br = –0.1 Br = 0 Br = 0.1

β = 0.1 β = 0.2 β = 0.4 β = 0.1 β = 0.2 β = 0.4 β = 0.1 β = 0.2 β = 0.4
0.0 8.3588 8.7285 9.7318 5.0652 5.2692 5.8972 3.5034 3.7942 4.2303
0.02 7.2196 7.5390 7.0911 5.2670 5.5000 6.1322 3.9973 4.3291 4.8267
0.04 6.6575 6.9520 7.7511 5.3686 5.6060 5.6987 4.3367 4.6967 5.2366

Table 9. Fully developed Nusselt number ϕ = 0.08 for different 
values of Knudsen and Brinkman numbers for Al2O3

Kn
Br = –0.1 Br = 0 Br = 0.1

β = 0.1 β = 0.2 β = 0.4 β = 0.1 β = 0.2 β = 0.4 β = 0.1 β = 0.2 β = 0.4
0.0 9.0534 9.8424 9.5249 5.8462 6.3557 7.8378 4.3169 4.6931 5.7875
0.02 8.0322 8.7323 10.7685 6.0791 6.6089 8.1501 4.8900 5.3162 6.5559
0.04 7.5022 8.1561 10.0580 6.1963 6.7363 8.3072 5.2777 5.7376 7.0756

For the positive values of the Brinkman number, the temperature difference between 
the wall and the fluid is small. Therefore, the Nusselt number becomes lower as a result of an 
increase in the Brinkman number. For the negative values of the Brinkman number, on the other 
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hand, the Nusselt number becomes higher as a result of the negative increase of the Brinkman 
number, as the temperature difference between the wall and the fluid is large. The Nusselt num-
ber becomes much higher for higher ratios of liquid layer thickness to nanoparticle radius. For 
nanoparticles with higher thermal conductivity, the Nusselt number is higher. For nanoparticles, 
Cu has the highest value while CuO has the lowest value.

The variation of the average Nusselt number with the slip factor against various val-
ues of the Brinkman number for Cu, CuO, and Al2O3, the solid volume rate, and the ratio of 
liquid layer thickness to nanoparticle radius is shown figs. 6-8.

Reviewing figs. 6-8, it can be seen that some values of the Brinkman number, there 
are direction changes and discontinuity points in Nusselt number. As the Knudsen number in-
creases, the Nusselt number decreases, however, as the ratio of the liquid layer thickness to the 
nanoparticle radius increases, the Nusselt number, as result of the positive increase in the Brink-
man number, increases. As the Knudsen number increases, the Nusselt number decreases, and 
as the ratio of the liquid layer thickness to the nanoparticle radius increases, the Nusselt number, 
as result of the negative increase in the Brinkman number, decreases. After a certain value, the 
Nusselt number reaches 0 and a discontinuity occurs. After such point where the discontinuity 
occurs, it is seen that the Nusselt number decreases or increases again. The change in direction 
occurring in the Nusselt number indicates that the heat released as a result of viscous diffusion 
equals the heat flux that tends to transfer from the channel wall to the fluid. There is no heat 
transfer at this point. After this point, the direction of heat transfer changes. With the further 
increase of viscous dissipation, the bulk temperature comes into equilibrium with the channel 
wall temperature and a discontinuity occurs [42].

Figure 6. Variation of Nusselt 
number and Brinkman number 
for Cu nanofluid at different 
solid volume rates and different 
ratios of liquid layer thickness 
to nanoparticle radius; (a) pure 
water Pr = 6.2, (b) Cu ϕ = 0.04, 
and (c) Cu ϕ = 0.08
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Reviewing figs. 6-8, the increase in the solid volume rate ϕ (from ϕ = 0.04 to ϕ = 0.08) 
has changed the discontinuity points. Increasing the value of ϕ leads to discontinuity points at 
lower Brinkman numbers. These discontinuity points are formed at lower viscous dissipation 
values, in other words, at lower Brinkman numbers, as the Knudsen number value increased. 
The change in the Nusselt number yields similar results for the nanofluids, Cu, CuO, and Al2O3. 
In the case of using different nanofluids, only the values will change in the Nusselt number, but 
the behavior will remain the same.

Figure 7. Variation of Nusselt number and Brinkman number for CuO nanofluid at  
different solid volume rates and different ratios of liquid layer thickness to nanoparticle  
radius; (a) CuO ϕ = 0.04 and (b) CuO ϕ = 0.08

Figure 8. Variation of Nusselt number and Brinkman number for Al2O3 nanofluid at  
different solid volume rates and different ratios of liquid layer thickness to nanoparticle  
radius; (a) Al2O3 ϕ = 0.04 and (b) Al2O3 ϕ = 0.08

Conclusions

In this research, the slip flow of water, as base fluid, and the nanofluids, Cu, CuO, 
and Al2O3 as nanoparticles are analytically studies in a micro pipe, heated with constant heat 
flux. The effects of Brinkman number and Knudsen number on Nusselt number are analyzed at 
different values of the solid volume rate and the ratio of liquid layer thickness to nanoparticle 
radius. The significant results obtained in this study are as follows.
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yy The addition of nanoparticles to the flow field caused a significant change in slip rate. When 
nanoparticles are added to the base fluid water, the velocity in the core and the slip rate on 
the walls tend to decrease. Decrease in the share rate on the walls is observed to be higher 
when the nanoparticle volume rate is increased from 4-8%, which indicates that the use of 
nanoparticles has a significant effect on the velocity.

yy The addition of nanoparticles to the flow area led to a significant increase in heat transfer. 
Heat transfer increases as the particle volumetric concentration increases, and for higher 
ratios of liquid layer thickness to nanoparticle radius, heat transfer also becomes higher.

yy For the nanoparticles, Cu, CuO, and Al2O3, the highest heat transfer improvement is with 
Cu, Al2O3, and CuO, respectively.

In conclusion, the Nusselt number is higher for nanoparticles with higher thermal 
conductivity. Therefore, nanoparticles with higher thermal conductivity have an important role 
in improving heat transfer.

Nomenclature
Br 	 – modified Brinkman number
cp 	 – specific heat at constant pressure, [kg–1K–1]
h 	 – convective heat transfer  

coefficient, [Wm–2K–1]
Kn 	– Knudsen number
k 	 – thermal conductivity, [Wm–1K–1]
Nu 	– Nusselt number
P 	 – pressure, [Pa]
Pr 	 – Prandtl number
qw 	 – wall heat flux, [Wm–2]
R 	 – dimensionless radial co-ordinate, [m]
r	 – radial direction, [m]
T 	 – temperature, [K]
U 	 – velocity, [ms–1]
Z 	 – dimensionless axial direction
z	 – axial direction, [m]

Greek symbols

α	 – thermal diffusivity, [m2s–1]
β	 – ratio of the liquid layering thickness to the 

nanoparticle radius
θ	 – dimensionless temperature	
θ
~
	 – dimensionless temperature

µ	 – dynamic viscosity, [Pa⋅s]
ρ	 – density, [kgm–3]
ϕ	 – solid volume fraction

Subscripts

f	 – base fluid layer solid-like nanolayer
m	 – mean
nf	 – nanofluid
s	 – solid nanoparticles or slip
w	 – wall
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