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We introduce the notion of (A, u)-product of L-subsets. We give a necessary and sufficient condition for (A, y)-L-subgroup of a

product of groups to be (A, p)-product of (A, u)-L-subgroups.

1. Introduction

Starting from 1980, by the concept of quasi-coincidence of
a fuzzy point with a fuzzy set given by Pu and Liu [1], the
generalized subalgebraic structures of algebraic structures
have been investigated again. Using the concept mentioned
above, Bhakat and Das [2, 3] gave the definition of («, )-
fuzzy subgroup, where o, f3 are any two of {€,g, €Vg, € Agq}
with « #€Aq. The (¢, € vVgq)-fuzzy subgroup is an important
and useful generalization of fuzzy subgroups that were laid
by Rosenfeld in [4]. After this, many other researchers used
the idea of the generalized fuzzy sets that give several charac-
terization results in different branches of algebra (see [5-10]).
In recent years, many researchers make generalizations which
are referred to as (A, p)-fuzzy substructures and (¢, € ,\Vq#)-
fuzzy substructures on this topic (see [11-15]).

Identifying the subgroups of a Cartesian product of
groups plays an essential role in studying group theory. Many
important results on characterization of Cartesian product of
subgroups, fuzzy subgroups, and TL-fuzzy subgroups exist in
literature. Chon obtained a necessary and sufficient condition
for a fuzzy subgroup of a Cartesian product of groups to
be product of fuzzy subgroups under minimum operation
[16]. Later, some necessary and sufficient conditions for a
TL-subgroup of a Cartesian product of groups to be a T-
product of TL-subgroups were given by Yamak et al. [17]. A
subgroup of a Cartesian product of groups is characterized
by subgroups in the same study. Consequently, it seems to be
interesting to extend this study to generalized L-subgroups.
In this paper, we introduce the notion of the (A, u)-product

of L-subsets and investigate some properties of the (A, y)-
product of L-subgroups. Also, we give a necessary and
sufficient condition for (A, u)-L-subgroup of a Cartesian
product of groups to be a product of (A, y)-L-subgroups.

2. Preliminaries

In this section, we start by giving some known definitions and
notations. Throughout this paper, unless otherwise stated, G
always stands for any given group with a multiplicative binary
operation, an identity e and L denote a complete lattice with
top and bottom elements 1, 0, respectively.

An L-subset of X is any function from X into L, which is
introduced by Goguen [18] as a generalization of the notion
of Zadeh’s fuzzy subset [19]. The class of L-subsets of X will
be denoted by F(X, L). In particular, if L = [0, 1], then it is
appropriate to replace L-subset with fuzzy subset. In this case
the set of all fuzzy subsets of X is denoted by F(X). Let A
and B be L-subsets of X. We say that A is contained in B if
A(x) < B(x) for every x € X and is denoted by A < B. Then
< is a partial ordering on the set F(X, L).

Definition 1 (see [20]). An L-subset of G is called an L-
subgroup of G if, for all x, y € G, the following conditions
hold:

(G1) A(x) A A(y) < A(xy).
(G2) A(x) < A(x™h).

In particular, when L = [0,1], an L-subgroup of G is
referred to as a fuzzy subgroup of G.



Definition 2 (see [12]). Let A,y € Land A < p. Let A be an
L-subset of G. A is called (A, u)-L-subgroup of G if, for all
x, ¥ € G, the following conditions hold:

(i) A(xy) VA= A(x) N A(y) A p.
(i) A(x) VA= A(x) A .

Denote by FS(A, y, G, L) the set of all (A, y)-L-subgroups of
G. When L = [0, 1], its counterpart is written as FS(A, g, G).

Unless otherwise stated, L always represents any given
distributive lattice.

3. Product of (A,u)-L-Subgroups

Definition 3 (see [16]). Let A; be an L-subset of G; for each
i =1,2,...,n Then product of A; (i = 1,2,...,n) denoted
by A x A, x--- x A, is defined to be the L-subset of G, x
G, X --- x G,, that satisfies

(A xAyx--xA,)(x,%...,X,)

= A (x)ANA () A AAL(x,).

@

Example 4. We define the fuzzy subsets A and B of Z and Z,,
respectively, as follows:

0.5, x¢€2Z,
Ax) =
0.3, otherwise,
) 2)
0.7, x=0,
B(x) = _
02, x=1
We obtain that
0.5, x €27 x {0},
AxB(x)=1403, xezZ-{2z}x{0}, (3)

0.2, otherwise.

Theorem5. LetG,,G,,...,G, begroupsand\/'_ A; < N\,
such that A; is (A, w;)-L-subgroup of G, foreachi = 1,2,...,n.
Then A; x A, x - x A, is (\/io Ais N\ie, i) -L-subgroup of
G, xG, x--xG,.
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Proof. Let (x,,x,,...
Then

Ay xAyx-x A, ((x),%,,...

3 X0)s (V15 Vs oo o5 V) € Gy XGy X+ XG,,.

%) - (Vs Yo o5 V)

i=1
X Ay (X191 X390 03 X V) V ALV \/Ai
i=1
= (A, () ANA, () A AAL (x,9,))

" 4
V\/Ai > (A (x101) VA ) A (A (590) V A,) @
i=1

A ANAL (0, VA) = A () ANAL () A
NAS () NAy (1) App A= ANAL (x,) A AL (3)

Aty =A XAy x XA, (X, X000 %) NA,

n

SALYAVS

i=1

XAy X XA, (Y1, Vo -
Similarly, it can be shown that

A XA, XX A, ((xl,xz,...,xn)fl)v\n//\i
i=1

: (5)
> A, ><A2><---xAn(xl,xz,...,xn)/\/\pLi.
=1

O

Corollary 6. If A, A,,..., A, are (A, u)-L-subgroups of
G, G,, ..., G, respectively, then Ay x Ay x---x A, is (A, y)-
L-subgroup of G, x G, x -+ X G,,.

Theorem 7 (Theorem 2.9, [16]). Let G;,G,,...,G, be
groups, let e, e,,...,e, be identities, respectively, and let
A be a fuzzy subgroup in G; x G, x --- x G,. Then
Aley, ey, ... e,) = Ax), Xy ...,X,) fori =
L,2,....,k—=1,k+1,...,nifandonly if A= A} x A, x---xA,,
where A}, A,,..., A, are fuzzy subgroups of G,,G,,...,G,,
respectively.

5 €15 X5 €y -

The following example shows that Theorem 7 may not be
true for any (A, y)-L-subgroup.

Example 8. Consider

0.8, x=(0,0),
07, x=(1,0),
ao={7 =00 ©
0.6, x=(0,1),
0.5, x=(LI).

It is easy to see that A is (0, 0.5)-fuzzy subgroup of Z, x Z,.
Since A(1,0) > A(1,1) and A(0,1) > A(1,1), A satisfies the
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condition of Theorem 7, but there do not exist A, A, fuzzy
subgroups of Z, x Z, suchthat A = A, x A,.

In fact, suppose that there exist A;, A, € FS(0,0.5, Z, x
Z,) such that A = A x A,. Since A(1,0) = 0.7 and A(0, 1) =
0.6, we have A, (1) > 0.7 and A,(1) > 0.6. Hence

05=A,x4A,(L1)=A,(T)AA,(1)207706
7)
= 0.6,

a contradiction.

Definition 9. Let A; be an L-subset of G; for each i =
1,2,...,n. Then (A, y)-product of A; (i = 1,2,...,n) denoted
by AlxﬁAzxﬁ e xﬁAn is defined to be an L-subset of G, x
G, x --- x G, that satisfies

Ay A A
(AleAzx# "‘X,,An) (%1, %5, -4, X,)

= (A () AA () A AAL () Ap) VA

= (/\Ai (x;) /\pt) VA

Example 10. We define the fuzzy subsets A and B of Z and
Z,, respectively, as in Example 4. Then (0.4, 0.6)-product of
A and B is as follows:

(8)

0.5, 27 x {o!,
Ax8:§B<x)={ x <22 {0} )

0.4, otherwise.

Lemma 11. Let G|, G,,..
following:

.»G,, be groups. Then we have the

() If A is (A, u)-L-subgroup of G, x G,X,...,G, and
Aj(x) = Ale,ey...,€_1,%,€,15-..,€,) for i =
1,2,...,n, then A; is (A, u)-L-subgroup of G; for all
i=12,...,n

(2) If A; is (A, u)-L-subgroup of G, for alli = 1,2,...,n,
then Alxl’}Ale’} S xl’}An is (A, w)-L-subgroup of G, x
Gy%,...,G,.

Proof. (1) Let x,y € G Since A € FS(A,u,G, x G,x,
.,G,, L), we have

A;(X)NA; (y) A

= A€,y s€ 15X, €415 ->€,)

ANA(€1, € e er€igs Vsriytsner€y) N (10)
<Ae ey, X Yr€iyr-er€y) VA
=A;(x-y)VA

Similarly, we can show that A;(x) A u < A,-(x_l) V A. Hence,
A; € FS(A, 4, G;, L) by Definition 2 fori = 1,2,...,n.

Vo) € GixGyx, ..., G,

(2) Let (x1, x5, .-+ %), (V1> Voo - -

Then,

A1><2A2X2 e XﬁAn (1 %05 %) (P12 V2o -+ 5 V)
Mg A A
VA=A A XA (X V5 X002 X D)

VA= (/n\Ai (x:3:) AP‘) VA= ((A; (1) VA

AN(Ay () VA) A= A(A, (%,3,) VA) A )
VA2 (A () AA () A A A, () AA, (3,)

/\A"l/\'”/\An('xn)/\An(yn)/\."i)vA

(e (o)

VA |Ap= AlxﬁAzxﬁmxﬁAn (%1, %55+ -5 X,,)

(11)

Mg A A
NAX AKX A, (V1> Var e e o5 V) A e
Similarly, we can show that

Mg A A -1
AlxyAzxM-‘-xHAn((xl,xz,...,xn) )V/\
Mg A A 12)
> A< AgXy X Ay (X1 X0, X,) A e

Hence, AlxﬁAzxﬁu-xﬁAn is (A, p)-L-subgroup of G; x
Gy%,...,G,. O
Theorem 12. Let G, G,,...,G,, be groups and A € FS(A, u,
Gy xGyx---XG,, L). Then (A(ey, €y, ... »€;_1, X5 €415 ->€y) A
A(X] Xgs oo X5 €55 Xiy 15 - > X)) AN VA = A(xy, X%y, .. 05 X,)
fori=1,2,...,nifandonly if A = AlxﬁAzxﬁ e xﬁAn, where

Aij(x) =Ale;, €550 5€_1,%,€1115 -+ > €,)-
Proof. Suppose that (A(e;,e,,...,€_15 X €15 ->€,) N Alxy,
Xgsreo > Xi 1€ Xig1s-- > X)) N VA = A(xy, Xy, ..., x,) for
i=1,2,...,n.Now, forany (x;, x,,...,x,) € GyxG,X---XG,,,
we have
A(x), %5, ..,%x,) = (A(x), 5,5 8,)
ANA(ep, Xy s X,) Ap) VA
= (A (x1)
A((A (e xp...ne,) NA(eg, ey Xsse.nsx,) A W)

VA)Au) VA
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= (A (%) ANA, (%) ANA(eys ey 3,05 X,) A ph)
VA
= (A () ANA () A A A (e ey x,) A )

VA

Mg A A
= AP Ay XAy (X X, X))

(13)

Hence we obtain that A = AlxﬁAzxﬁ e xﬁAn. Conversely,
assume that A = Alx[’}Azxﬁ .- xﬁAn. Then, we obtain

P
A(xp X0 X,) = A< ARXY

---xﬁAn (1, %5, -4, X,)

= (A(xp, e ne,) NA(e, Xgseeney) Avee
NA(e, ey .nx,) ANp) VA
<(A(xp,ep..ne,) NA(e, Xg,.vney) Aee
(14)
A(A(ep ey s Xy, X,) VA)A ) VA
=(A(x, ey e,) NA(e,Xp, .. 0re) Aee
ANA(ep, ey s Xy15X,) AV A
<(A(xp.ep..ne,) NA(e, Xp,e v, x,) Ap) VA
On the other hand, (A(x;,e,,...,e,) ANA(e}, X35 . ., X,) AUV

A< A(x, %y, ...,%,) VA

Since A(xy, xp,...,%,) = A, (A(xy,e,,. ..
CoX) AUV A< Ay, Xy, 5 X))

Hence, A(xy,x5,...,%,) = (A(x],ep,...
c X)) AU) VAL

> en) A A(epxza

> en) /\ A(el>x2)

Similarly, we get (A(e; ey . .6 1,X)€15--->€,) A
AKX, Xgs oo 5 X5 €15 Xy 15 s X ) ANV A = A(xy, X550 .05 X,,)
fori=2,3,...,n 0
Lemma 13. Let G,,G,,...,G,, be groups, let e, e,,...,e, be

identities of Gy, G,, ..., G,, respectively, and A € FS(A, u, Gy x
G, x--xG,). If (Alej, €5 .. s 1, Xy €15 - - » €, ) NU)V A >
A(x),%55...,%,) for i = 1,2,...,k — L,k + 1,...,n,
then (A(ey, €55 . 5€4_ 1> X €y1s--€,) N H) V A > A(xy,
XpyevnrXy).

Proof. By Definition 2, we observe that

(A(epey-.- ) AUV A

> k1> Xj> €15 - -

= (A((xl, xz,---)xn)

-1 -1 -1 -1 -1
-(xl 23Xy s XL 1> €y Xy 15+ -2 Xy ))/\(A)VA

= (A((xl,xz,...
-(xl_l,xgl,...
> (A(xl,xz,...

NA(xh X
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%)

,x,;il,ek,x;il,...,x;l)) V)t) Ay

X,)

1 -1 -1 -1
» Xp 1> €l Xpey 1o+ - > Xy )Ay)v/\

=(A(x;, %5 ..05%,) VA)
A (A (xfl,xgl,...,x,:l,ek, x,;il,...,x:) V)t)
ANu

> ((A(xp, x5, ..

ANA(xp, %5 ...

= (A (x, x5, .

A(A(xp, %5, ..
> ((A(xp, x5, .

A(A(e,. ..

ANA(xy,...

= (A (xp, x5

A(A(xp, ...

> A(x), %y,

> A(x), %y, ..

Lemma 14. Let G,,G,,.

,X%,) VA)
3 Xjee 1> €l Xjea 1>+ > X)) A ) VA

. X,) VA)

S X1 € Xjea 1>+ +» X)) VA) A
,%,) VA)
2 €525 Xj—1>€f> - -+ ,en)
»€k—1>€k> Xfey 15+ -+ ,Xn) /\‘Lt)) VA
»%,) V)
€1 € Xy -+ %) A V A

,%,) VA

X))
(15)

O

..,G, be groups and A € FS(0,

U, Gy XG, % -XG,, L). Then A(ey, €55« > €15 Xi> €141+ - - » )\
AKX, Xgs oo o3 X5 €5 Xy 15 X)) N = A(Xy, Xy, ..., X,) for
i=12,...,nifand only if A(e;,€5,...,€;_1,Xj> €115 -+>€,) A
p= AKX, Xy, x,) fori=1,2,..,k-1Lk+1,...,n
Proof. Now assume that A(e;,e5,...,€,_1,X; €115 ->€,) A
AKX, Xgs oo 3 X5 €5 Xy 15+ X)) N = A(xy, X550, x,,) for
i=1,2,...,nNext, forany (x,, x,,...,x,) € G;xXG,x:--xG,,,
we have
A(xy, %55...,%,)
=A(e;, €. s€ 15X €i1se-r€,)
(16)
ANA (X1, Xgs oo os Xii15 € Xig1se o Xp) A Y

< Aeg, € €1 Xp€iu1s-nnr€,) Al
Conversely, assume that A(e;,e,,...,€_1,X€415---,€,) A
p = Alxy,xy..0.,x,) fori = 1,2,...,k -1,k +1,...,n By
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Definition 2 and Lemma 11, we obtain that

A(xp, %y x,) = A(Xy, %5, .., X,,)
ANA(xp, %5 X) A ANA (X, X505 Xy,)
<A(xp,ey...6,) NA(e, Xy .n,) Ave
ANA(e, ey ., x,) Al
<A(xp,ey...6,) NA(e, Xy n,) Aves (17)
ANA(ep ey s Xy 15X,) A ph
<A(xp,ep..e) NA(e, Xy, .., x,) Ap
<A(x,%,..05%,).
Hence, A(xy, x5,...,%,) = A(xy,ey...,€,) N Aley, x5, ...,
x,) A y. Similarly, we get A(e;,e5,...,€_1, X;> €415+ ++>€,) A
A(X], Xgs oy X5 €15 Xjy 1o+ > X)) = A(X],Xy,...,%,) fori =
2,3,...,n. O

As a consequence of Theorem 12 and Lemma 14, we have
the following corollary.

Corollary 15. Let G, G,,...,G, be groups and A € FS(0, u,

Gy xGyx---xXG,,L). Then A(ey, €y, ...5€;_1>Xi> €115« +»€x) N
p= Alx;, x,,..x,) fori=1,2,...,k—=1Lk+1,...,nifand
only if A = Ayx,Ayx, X, A,, where Ai(x) = Ale,
€5 er€i1>X5€ip1> e rr€y)

The following example shows that Corollary 15 may not
be true when A # 0.

Example 16. Consider

0.4, x=(0,0),
0.3, x=(L0),
Ax) = (i ?) (18)
02, x=(01),
0.1, x=(LI).

A is (0.2,0.5)-fuzzy subgroup of Z, x Z, and satisfies the
necessary condition of Corollary 15. But there is not any A,
and A,, (0.2,0.5)-fuzzy subgroup of Z, x Z,, which hold

0.2
A=A X324,

4. Conclusion

In this study, we give a necessary and sufficient condition for
(0, u)-L-subgroup of a Cartesian product of groups to be a
product of (0, y)-L-subgroups. The results obtained are not
valid for A # 0, and a counterexample is provided.
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