Hindawi Publishing Corporation
Physics Research International

Volume 2013, Article ID 159243, 9 pages
http://dx.doi.org/10.1155/2013/159243

Research Article

Hindawi

A Sturm-Liouville Problem with a Discontinuous Coefficient and
Containing an Figenparameter in the Boundary Condition

Erdogan Sen"”

! Department of Mathematics, Faculty of Arts and Science, Namik Kemal University, 59030 Tekirdag, Turkey
? Department of Mathematics Engineering, Istanbul Technical University, Maslak, 34469 Istanbul, Turkey

Correspondence should be addressed to Erdogan $en; erdogan.math@gmail.com

Received 10 April 2013; Accepted 18 July 2013

Academic Editor: Ashok Chatterjee

Copyright © 2013 Erdogan $en. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We study a Sturm-Liouville operator with eigenparameter-dependent boundary conditions and transmission conditions at two
interior points. We give an operator-theoretic formulation, construct fundamental solutions, investigate some properties of the
eigenvalues and corresponding eigenfunctions of the discontinuous Sturm-Liouville problem and then obtain asymptotic formulas

for the eigenvalues and eigenfunctions and find Green function of the discontinuous Sturm-Liouville problem.

1. Introduction

In recent years, more and more researchers are interested in
the discontinuous Sturm-Liouville problem for its application
in physics (see [1-16]). Such problems are connected with
discontinuous material properties, such as heat and mass
transfer, varied assortment of physical transfer problems,
vibrating string problems when the string loaded additionally
with point masses, and diffraction problems. Moreover, there
has been a growing interest in Sturm-Liouville problems with
eigenparameter-dependent boundary conditions; that is, the
eigenparameter appears not only in the differential equations
but also in the boundary conditions of the problems (see [1-
16] and corresponding bibliography).

In this paper, following [8] we consider the boundary
value problem for the differential equation

Tu=-u' + q(x)u=Aw(x)u, )

for x € [-1,hy) U (h;, h,) U (h,, 1] (i.e., x belongs to [-1, 1],
but the two inner points are x = h; and x = h,), where g(x)
is a real-valued function, continuous in [-1, h;), (hy, h,), and
(hy, 1] with the finite limits q(+h;) = lim,_, ., , q(+h,) =
lim, _, . ; w(x) is a discontinuous weight function such that

w(x) = wf for x € [-1,h), w(x) = wg for x € (h,h,),

and w(x) = @ for x € (hy 1], w > 0 together with the
standard boundary condition at x = -1

Lu:=u(-1)=0, (2)

the spectral parameter-dependent boundary condition at
x=1

Lyu:=A(Bu (1) - Bou' (1) + (Byu(1) - B’ (1)) =0,

3)

and the four transmission conditions at the points of discon-
tinuity x = b, and x = h,

Lyu:=yu(h, —0)—8u(h, +0)=0, (4)
Lyu =y, (hy —0)=8,u' (h, +0) =0, (5)
Lsu = ysu(hy, —0) - 8;u(hy +0) = 0, (6)
Lgu := ygu' (hy —0) = 8,u' (h, +0) = 0, (7)

in the Hilbert space L,(-1,h,)® L, (h;, h,)®L,(h,, 1), where
A € C is a complex spectral parameter; and all coefficients of
the boundary and transmission conditions are real constants.
We assume that f3; # 0 and |B,| + |B,| # 0. Moreover, we will
assume that p := 3 3, — 3,8, > 0. Some special cases of this
problem arise after application of the method of separation



of variables to the diverse assortment of physical problems,
heat and mass transfer problems (e.g., see [11]), vibrating
string problems when the string was loaded additionally
with point masses (e.g., see [11]), and a thermal conduction
problem for a thin laminated plate.

2. Operator-Theoretic Formulation of
the Problem

In this section, we introduce a special inner product in the
Hilbert space (L,(-1,h;) & L,(h;,h,) @ L,(h,,1)) ® C and
define a linear operator A in it so that the problem (1)-(5)
can be interpreted as the eigenvalue problem for A. To this
end, we define a new Hilbert space inner product on H :=
(Ly(=1,hy) @ Ly(hy, hy) ® L,(h,,1)) @ C by

h, _
(F.G)y = ] j £ () g0 + ‘382 | r 0 g G

172
8,8,0:6, (! N
@220 [ () g (i

Y1V2V3Ya Jh,
6 8,656,
PV1Y2V3V4

191

(8)

for F = (fj(cx ) and G = (g(x)) € H. For convenience, we will
use the notations

R, (u) := Byu(1) - Bou' (1),
R, () := Blu(1) - B (1).

In this Hilbert space, we construct the operator A: H — H
with domain

pw- =) 15w

)

(111, ]

are absolutely continuousin [1,h;] U
U [h,, 1] and have finite limits
(h+0), f' (h,0),
1f € L,(-1,h))® L, (h;,h,)® L, (h,, 1),
Lif=Lsf=Lsf =Lsf =Le¢f =0,

f(m=0), f(h,x0),

fi=R()
(10)
which acts by the rule
ap e <w(x) 1" +q(x)f]>
-R, (f) (1)
with F = <Ié(()}))> €eD(A).
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Thus we can pose the boundary value transmission problem
(1)-(7) in H as

u (x)

R} (u)

It is readily verified that the eigenvalues of A coincide with
those of the problem (1)-(7).

AU = AU, Lhz( )eD@M. (12)

Theorem 1. The operator A is symmetric.

Proof. LetF = ( }5(();3) ) and G = ( 1? ((x )be arbitrary elements

of D(A). Twice integrating by parts, we find
(AF,G)y — (F, AG)y

=W (f,gh-0)-W(f,g-1)
5j2<w<fg, ) - W (£, Gk +0))

172 (13)

L 8,8,0,0,

Y1Y2Y3Y4 W (£,g1) =W (f.g:h, +0))

81626384 ! — L
# L (R ()R () - R () K (3)):

where, as usual, W(f, g; x) denotes the Wronskian of f and
g; that is,
W(fgx)=fx)g ©-f®gx. 4

Since F,G € D(A), the first components of these elements,
thatis, f and g, satisty the boundary condition (2). From this
fact, we easily see that

W(f,g:-1) =0. (15)

Further, as f and g also satisfy both transmission conditions,
we obtain

_ &
W(f,g;h1 _0) = y

Mw(ﬁy;hz +0).
Y1Y2V3Va

Moreover, the direct calculations give

82W(fg,h +0),
172 (16)

W(f>§;h2 _0) =

R ()R ()~ Ri ()R (@) =-pW (fig:1).  (17)
Now, inserting (15)-(17) in (13), we have

(AF,G)y = (F,AG)y (F,GeD(A)), (18)

and so A is symmetric. O

Recalling that the eigenvalues of (1)-(7) coincide with the
eigenvalues of A, we have the next corollary.

Corollary 2. All eigenvalues of (1)-(7) are real.

Since all eigenvalues are real, it is enough to study only the
real-valued eigenfunctions. Therefore, we can now assume
that all eigenfunctions of (1)-(7) are real-valued.
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3. Asymptotic Formulas for Eigenvalues and
Fundamental Solutions

Let us define fundamental solutions

¢1 (x, 1), €[-Lh),
P A) = 16, (6 1), xe(h,hy),
¢5(x, 1), x€(hy1],
(19)
X1 (X,)L), € [_1’h1)’
XA =4 @A), xe(h,h),
B, xe(hy,l],

of (1) by the following procedure. We first consider the next
initial value problem:

—u'+q(x)u= /\wfu, e[-Ln], (20)
u(-1=1, (21)
u' (-1) =0. (22)

By virtue of [1, Theorem 1.5], the problem (20)-(22) has a
unique solution u = ¢;(x, A) which is an entire function of
A € C for each fixed x € [-1, h;]. Similarly,

-+ q(xX)u= Awﬁu, € [hy, hyl, (23)
u(i) = 51 (1), (24)
o () = 591 (), (25)

have a unique solution u = ¢,(x,A) which is an entire
function of A € C for each fixed x € [hy,h,]. Continuing
in this manner,

" +qx)u=Aoju, x€[hy1], (26)

() = 512 (1), @)

(1) = 54 (.2 8)

have a unique solution u = ¢;(x,A) which is an entire

function of A € C for each fixed x € [h,,1]. Slightly
modifying the method of [1, Theorem 1.5], we can prove the
initial value problem

" +q(x)u = Awlu, € [hy, 1], (29)
u(1) = fyr+ B, (30)
' (1) = BiA+ Py, (31)

have a unique solution u = y;(x,A) which is an entire
function of spectral parameter A € C for each fixed x €
[h,, 1]. Similarly,

“u" +g(x)u= Awgu, € [h,h], (32)

9,
u(hy) = = x5 (hy, 1), (33)

)&

! 84 !

u (hy) = = x3 (M), (34)

Ya
have a unique solution u = y,(x,A) which is an entire

function of A € C for each fixed x € [h;,h,]. Continuing
in this manner,

~u" +q(x)u = Awlu, € [-Lh], (35)
6,
u(hy) = _Xz (h1>A), (36)
Y1
u' (b)) = 2 x, (b, A), (37)
Yz
have a unique solution u = y;(x,A) which is an entire

function of A € C for each fixed x € [-1, h,].

By virtue of (21) and (22), the solution ¢(x, 1) satisfies the
first boundary condition (2). Moreover, by (24), (25), (27),
and (28), ¢(x, A) satisfies also transmission conditions (4)-
(7). Similarly, by (30), (31), (33), (34), (36), and (37) the other
solution yx(x, A) satisfies the second boundary condition (3)
and transmission conditions (4)-(7). It is well known from
the theory of ordinary differential equations that each of
the Wronskians A (A) = W(¢,(x,A), x1(x, 1)), Ay,(A) =
W(,(x, 1), xo(x, 1)), and Az(A) = W(gs(x,A), x3(x, A)) is
independent of x in [-1, h, ], [hy, h,], and [h,, 1], respectively.

Lemma 3. The equality A;(A) = (6,;6,/y17,)A,(A) =
(010,0504/117>Y3Ya)A 5(A) holds for each A € C.

Proof. Since the above Wronskians are independent of x,
using (27), (28), (30), (31), (33), (34), (36), and (37), we find

= ¢y (h, 1) X{ (i) - ‘M (hi>A) 1 (hys A)
= (2an0) (Eai000)

- (%‘/’; (hl’A)> (%Xz (hl’A)>

Ay (A)

:%%AAM (38)
_ (‘f}_‘s% (hZ,A)> (ﬁxs (%/‘))
8,0,8,0

= 12390, ().
Y1V2Y3Va O



Corollary 4. The zeros of A, (A), A,(A), and A5(A) coincide.

In view of Lemma 3, we denote A ; (1), (8,6,/y,12)A,(A),
and (8,6,656,/117,Y5Y4)A5(A) by A(A). Recalling the defini-
tions of ¢;(x, A) and y;(x, A), we infer the next corollary.

Corollary 5. The function A(A) is an entire function.

Theorem 6. The eigenvalues of (1)-(7) coincide with the zeros

of AQV).

Proof. Let A(A;) = 0. Then, W(¢,(x,A), x1(x, Ay)) =
for all x € [-1,h;]. Consequently, the functions ¢, (x, A,)
and y,(x,A,) are linearly dependent; that is, x;(x,A,) =
ke, (x,Ay), x € [-1, h,], for some k # 0. By (21) and (22), from
this equality, we have

X' (=1, 4¢) = ke (-1,

and so x(x,A,) satisfies the first boundary condition (2).
Recalling that the solution y(x,A,) also satisfies the other
boundary condition (3) and transmission conditions (4)-(7),
we conclude that x(x, A,) is an eigenfunction of (1)-(7); that
is, A, is an eigenvalue. Thus, each zero of A(A) is an eigen-
value. Now, let A, be an eigenvalue, and let 11, (x) be an eigen-
function with this eigenvalue. Suppose that A(A,) # 0, whence
W, (x, Ag), x1 (5, Ag)) #0, W(,(x, Ag), x2(x, Ag)) #0, and
W(d5(x,Ag), x3(x, Ag)) #0. From this, by virtue of the well-
known properties of Wronskians, it follows that each of the
pairs ¢, (x, 1), x1(x,A¢); ¢, (x, Ag), x2(x,Ag) and ¢5(x, Ay),
X3(x,Ay) is linearly independent. Therefore, the solution
uy(x) of (1) may be represented as

Ag) =0, (39)

ady (x.A0) + 6x1 (%, 4¢) €[-1,h),
Uy (x) = 1656, (3, A) + cuxz (X, 4g) s x € (g, hy),
53 (%, Ag) + 6ox3 (%, Ag) s x € (M, 1],
(40)

where at least one of the coefficients ¢; (i = 1,6) is not zero.
Considering the true equalities

L,(uy(x)) =0, v=1,6 (41)
as the homogenous system of linear equations in the variables
¢ (i = 1,6) and taking (24), (25), (27), (28), (33), (34), (36),
and (37) into account, we see that the determinant of this
system is equal to —((6,0,8;8,)* /17,1374 A*(A,), and so it
does not vanish by assumption. Consequently, the system (41)
has the only trivial solution ¢; = 0 (i = 1,6). We thus get at a
contradiction, which completes the proof. O

Theorem 7. Let A = p* and Imy = t. Then, the following
asymptotic equalities hold as |A| — oo:

4k
—— cos [pw; (x +1)]

19 (x, 4) =

+O(||% exp (|t w; (x + 1))),
H

(42)
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dk
</>§k) (x, 1) = %E cos [p (w,x + w hy + w;)]

1
+0 < | |1—k exp (|t] (wyx + w g + wl))> ,
7
(43)
(k) Y1¥s d*
¢; (x,A) = 55, gk <O [ (wsx + wyhy + ;)]
103

+0 <—11_k
|

for k = 0 and k = 1. Moreover, each of these asymptotic
equalities holds uniformly for x.

exp (|t] (w3x + why + wl))) >

(44)

Proof. Asymptotic formulas for ¢,(x,A) and ¢,(x, 1) are
found in [9, Lemma 1.7] and [8, Theorem 3.2], respectively.
But the formulas for ¢;(x, A) need individual considerations,
since this solution is defined by the initial condition with
some special nonstandard form. The initial-value problem
(26)-(28) can be transformed into the equivalent integral
equation

Y3 Y4 ! .
ux)= — h > A #w X ¢ h > A n pw;x
( ) 63 ¢2 ( 2 ) cos 3 384 2 ( 2 ) SN fws

2 | sin [y (e~ )] () )y
(45)
Inserting (43) in (45), we have
¢; (x, 1) = YI% cos [p (wsx + wyhy + ;)]

+ % L: sin [pw; (x = )] q(y) ¢5 (3, A) dy

<| e (1 G ra)).
(46)

Multiplying this by exp(—|t|(w;x + w,h, + w,)) and denoting
F(x,A) = exp(-|tl(w;x + w,h, + w;))P;(x, A), we have the
next “asymptotic integral equation”:

F(x,A) = 3;1? exp (= |t (wsx + wyh, + @)))

x cos [p (w3x + wyh, + ;)]
# 2 [ sin oy (5 )]
xexp (= |tlws (x - »))q(y) F (. A) dy

+o<i>.

Putting M(A) =
we derive that

(47)

maX,, 111F(x, A)|, from the last equation,

1
1Ys + _>, (48)
U

6,05

M(A)SM0<
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for some M, > 0. Consequently, M(A) = O(1) as [A| — oo,
and so ¢5(x, A) = O(exp(|t|(wsx + wyh, + w;))) as |A| — oo.
Inserting the integral term of (46) yields (44) for k = 0. The
case k = 1 of (44) follows at once on differentiating (43) and
making the same procedure as in the case k = 0. O

Theorem 8. Let A = p?, u = o + it. Then, the following
asymptotic formula holds for the eigenvalues of the boundary
value transmission problem (1)-(7):

t(n-1) < 1 )
=—+0(— ).
. w; + w,h, + w, 2\ (49)
Proof. Putting x = 1 in Az;(1) = ¢;(x, A)X;(x, A) -
¢5(x, M) x3(x, A) and inserting y3(1, 1) = ByA + By, x3(1L,A) =
BiA + B, we have the following representation for A ;(A):

Az Q) = (BiA+B)¢s (LA) = (BA+B,) 65 (1LA). (50)

Putting x = 1 in (44) and inserting the result in (50), we
derive now that

Ay (A) = —w3,82y sin [p (w5 + wyh, + @;)]
Y2Y. (51)
+0 (|p¢| exp (2t (w + wyh, + wl))) .

By applying the well-known Rouché theorem which asserts
that if f(z) and g(z) are analytic inside and on a closed

w, + Wy

2!

'Cos[wln(n_l)(x+l)]+O<l>,

(w,x + w by +w,)w(n—1)

contour I'and |g(2)| < | f(z)| onT, then f(z) and f(z) + g(z)
have the same number of zeros inside I' provided that the
zeros are counted with multiplicity on a sufficiently large
contour, it follows that A;(A) has the same number of zeros
inside the contour as the leading term in (51). Hence, if A, <
Ai <A, ... are the zeros of A;(A) and ¢ = A,,, we have

n(n-1)

— 45, 52
wy +w,h, tw, " (52)

for sufficiently large n, where |5,,| < m/4(w; + w,h, + w,) for
sufficiently large »n. By putting in (51), we have §,, = O(1/n),
and the proof is completed. O

Theorem 9. The following asymptotic formula holds for the
eigenfunctions

¢, (%) = 1 8—605[

1

w, + wih; + w,

¢ (x,4,), x€[-Lh),
b1, () = 12 (x4,), x€(hy,hy), (53)
¢ (xA,), x € (hy1],
of ()-(7):
- €[-1,h),
]+O<%), x € (h,h,), (54)

[ 6,05

Proof. Inserting (44) in the integral term of (51), we easily see
that

r sin [pw; (x = y)] 9 (y) ¢5 (7, 4) dy
& (55)
= O (exp (|t] (wsx + wyh, + @)))) .

Inserting in (42) yields

¢s (x, 1) = ;l? cos [u (wyx + w,hy + w;)]

(56)
(l |exp|t| (wyx + wyh, +a)1)>

We already know that all eigenvalues are real. Furthermore,
putting A = —H, H > 0 in (51), we infer that w(-H) — oo

h -1
MCOS[(‘%X‘*% L, tw) 7 (n )]+
w; + wyh, + w;

o(l), xe(hy1].

as H — +o00, and so w(—H) #0 for sufficiently large R >
0. Consequently, the set of eigenvalues is bounded below.
Letting \/A,, = , in (56), we now obtain

A,) = NP cos (4, (03x + wyhy + ;)] +O<i>,

¢s (x,
’ 8,0, b

(57)

since t, = Imy, for sufficiently large n. After some calcula-
tion, we easily see that

cos [, (w3x + wyhy + w;)]

(58)

~ cos (w3x+w2h2+w1)n(n—1)] +O(l)_

w; + wh, + w, n



Consequently,

(wsx + wyhy + w)) T (n—1)

b 0,) = 22 o

0,05 w; + W,y + w,

(59)

In a similar method, we can deduce that

¢, (x,4,) = ﬁcos[(w2x+w1h1+w1)71(n—1)]
) =5

o(3).

wln(n—l)(x+1)]+o(l>'

w, + w; n

w, + wih; + w;

¢, (x,1,,) = cos [
(60)

Thus is the proof of the theorem, completed. O

4. Asymptotic Formulas for
Normalized Eigenfunctions

We will first obtain the norms of the eigenelements

€Y

ey e

It is evident that the two-component vectors

< ¢, (x) )
o= | , n=0,1,2,..., (62)
R} (¢1,)

are the eigenelements of A with eigenvalue A,,. For n# m,

(©,,@,,);;,=0, n,m=0,1,2,... (63)
since A is symmetric. Putting
¢z, (%)
=, (64)
"l

we see easily that the eigenelements
vy, (X)
Y, = ) , nnm=0,1,2,... (65)
Ry (‘/’Aﬂ)

are orthonormal. That is, AY, = A,¥,, and (¥, ¥,,,) ; = &
where §,,, is the Kronecker delta.

nm?
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Lemma 10. The following asymptotic equality holds:

R, (9,) =O<%). (66)

Proof. It follows that from the equalities A;(A,,) = 0 that

AR (30 )+ Ry (¢, ) = 0. (67)

From (44), we obtain

R, (¢51,) = Bithsa, (1) = Bopyy (1)

(68)
= B0 - B0 (]s.)-
Applying Theorem 8, we now have
Ry (¢31,) =0 (). (69)
Inserting (69) in (67) and using Theorem 8, we find
’ 1 1
Ry (¢3A,,) = _/\_Rl (‘l53/\,,) =0 (‘) . (70)
" n
The proof is completed. O

Theorem 11. Let @, be defined as in (61). Then, the following
asymptotic formula holds for the norms ||®, ||, of the eigenele-
ments O,

||(D " _ \]wf8163y2y4 + w§5283y1y4 + w§8254)’1)’3
i 28,63y,274

(71)
Proof. By (54), we have
h 1 1

L (¢, @) dx = +0( ). (72)

h, Vz 1
Ll (61 () dbx = 257 0 (). (73)

! 2 Wn 1
j-hz (qun (X)) dx = 2—6%8—§+O<;) (74)
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Using (66), (72), (73), and (74), we obtain

2 _ " 2 28,6, (™ 2
Y P N X e ORI

1
1

1
+w§MJ (% (x))zdx
NYaVsVe Jn, - "
" 81826384 (Ri ((pA ))2
PY1Y2Y3Y4 "
2
2 n Ny [26] n
26,0,050, Y12 Y32 0 1
T . | 202 2 n
V1V2V3Ys | 207 03 n

1

)

n

L 010,00,
PY1Y2V3Va

(

20,057,7,

wmr(m—-1)(x+1)

7
2 2 2
(“-’18183)’2)’4 +w;0,03y1 Y + 30,0,y Va)
28,057,74
+0 (l ) .
n
(75)
Consequently,
|, = \jwf‘sl‘sﬂzh + w§8263y1y4 + w§6284y1y3
i 26,6372Vs
+0 <l> ,
n
(76)
which proves (71). O

Theorem 12. The first components of the normalized eigenele-
ments (65) have the following asymptotic representation as
n — oo:

1

x € [-Lh),

| y

N

‘Uf‘3153)’2)’4 + w§5283y1y4 + ‘*’%5254)’1)’3

28,65y, 74

>+o< ).

m(n—1)(wx + wh +w)

Wy + w, n

"

Y, (x) = 3 5,

\

hys

W8,83,74 + W38,031 Y4 + W36,0,117;

28,6572V4

>+O<%), x € (h,hy),

w, + wh; + w,

(n-1) (wsx + wh, + w;)

\

Proof. From (71), it follows that

\

+o<

[ 0, 65 w%6183y2y4 + “%5253)’1)’4 + w§8284y1y3

1 —
[l

28,6372)4
W}6,05),Ys + 036,857y, + w§5264)’1)’3

).
(78)

Putting (54) and (78) in (64), we find the needed asymptotic
formula (77). O

1
n

5. Green’s Function

Let A: H — H bedefined by (10) and (11), and let A not be an
eigenvalue of A. For finding the resolvent operator R(A, A) =
(M - A)™", consider the operator equation

(M - A)U = F (79)

for F = (f](,jc)

the inhomogeneous differential equation

) € H. This operator equation is equivalent to

"

)+o<%>, xe (1]

w5 + w,h, + w,

(77)
u' + (M (x) —q(x))u= f(x)
(80)
for x € [-1,h;) U (hy, hy) U (hy, 1]
subject to the inhomogeneous boundary conditions
' (1) =0,
! ! ! (81)
A(BLu () = B’ (1) + (Buu (1) = B’ (1) = fy
and the homogeneous transmission conditions
yu(hy —0) - 8,u(h, +0) =0,
you' (hy = 0) = 8,u’ (b, +0) =0,
(82)

ysu (hy —0) = 85u (h, + 0) = 0,
yyui' (hy = 0) = 8,u' (hy +0) = 0.

By applying the same techniques as in [8], we can prove that
the problem (80)-(82) has a unique solution u(x, A) which
can be represented as
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(X1 (6A) 5 J
A
T Rl PR R e
¢ (x,4) ( J 8,6, th
+ w , dy+ —w A d
ay \ AL nOA SOy Stte | () f () dy
0,0,059, ! 0,0,8568,
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where x # 0 and y # 0, we reduce (73) to
Inserting in (85) yields
hy
u(nd) =} [ Glxy) f()dy ]
] u(nd) =} [ Gxy) £()dy
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H"ZWL G(x34) f (y)dy g
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On the other hand, by applying R] to Green’ function with £16,6,8;8,
respect to the variable y and recalling that y(x, A) satisfies the * WR1 (G (x5 A)
initial conditions (30) and (31), we have 1ralare
3G (x, 1,1 We now introduce
R} (G (x,, ) = BiG (x,1,1) - ﬁ;x—)
% < G (%, 1) )
(x, A) Gy = ; (88)
- NhaYsvs ¢ ) (‘B{X(LA) - By (I,A)) A R (G (x,- 1))

5,0,0,8, w())
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which we will call Green’s element of (80)-(82). The last
formula (87) then takes the form

u(x,A) = (G,,,F), (89)

where by F we mean F = (f%) )
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