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1 Introduction

Higher dimensional spacetimes are commonly studied to unify string theory and general
relativity and to analyze the quantum field theories with CFT/AdS correspondence and to
fully understand the efficiency of the theory of general relativity. Nearly during past decade,
Emparan and et al...examine the solutions of higher dimensional spacetimes in the limit
of dimension D — oo [1-10]. The obtained results make it easier to gain a new perspective
on theory of general relativity and especially analytical solutions, but it is also tested in
order to be used in some other areas, i.e. quantum entanglement and holographics [11].

Robinson-Trautman (RT) [12, 13] and Kundt [14, 15] spacetimes are special spacetimes
which include many different solutions in 4-dimensions such as, pp-waves, plane wave space-
times, the Schwarzschild and Reissner-Nordstrom black holes, the C-metric, the Vaidya
solution, photon rockets and their non-rotating generalisations. RT spacetime is described
by the existence of an expanding, shearfree and twistfree congruence of null geodesics,
while, Kundt geometry is defined as a non-expanding case. Although, higher-dimensional
solutions are not as rich as 4-dimensional solutions because several important solutions
can not be generalized to higher dimensions. However, extension of RT spacetime to
higher dimensions were studied for any cosmological constant or aligned pure radiation [16],
aligned electromagnetic fields [17], and general p-form fields [18]. Additionally, the Kundt
spacetime generalization to higher dimensions is obtained in [19].

Classification of spacetimes, which enables to divide the gravitational fields into distinct
types in an invariant way, was first studied by Petrov [20]. There are several ways to obtain
the classification of spacetimes such as, null vectors, and 2-spinors or scalar invariants.



Since the Weyl scalar and cosmological constant include all data about curvature of a
spacetime, the classification becomes completely understandable by studying Weyl scalars.
Classification provided a better understanding of several aspects of General Relativity in
4-dimensions and it was extended to any D > 4 dimensions [21] and to RT [22] and
Kundt [23] geometries as well. However, the algebraic classification of the RT and Kundt
spacetimes with the limit of D — oo have not been studied before.

Therefore, the main purpose of the paper is to obtain algebraic classifications of RT
and Kundt spacetimes in the limit of D — oo and compare the results with previous
calculations of any dimension D > 4.

The paper is organized as; section 2 includes a brief summary of shearless and twist-
less, expanding or non-expanding spacetimes. Primary and secondary Weyl-aligned null
direction (WAND) are reviewed and the classification for components of boost weight are
demonstrated. Components of Weyl scalars are obtained with the limit of D — oo and the
different types of spacetimes are discussed. In section 3 and 4 algebraic classification of
the non-expanding Kundt spacetime and expanding RT spacetime are stated and several
special cases are investigated for the limit of D — oo, respectively. Christoffel symbols,
Riemann and Ricci tensor and Ricci scalar are calculated for the general expanding, shear-
less, twistfree spacetime for any dimension D > 4, while the components of Weyl scalar
are computed for the limit D — oo in appendix A.

2 Non-twisting, shear-free geometry

In general, D-dimensional, shear-free and twist-free metric can be written in the follow-

ing form;
ds? = gpq (u, 7, z) dePdz? + 2guy (u, 7, ) dudz? — 2dudr + gy, (u,r, ) du? (2.1)

where latin indices p, g, ... count to 2 to (D — 2) and « is shorthand of these D — 2 spatial
coordinates on the traverse space. We can write some of the relations between contravariant

and covariant metric components as;

gur = _17 ng = gpqguqa grr = —Guu t+ gpqgupguqa Gup = grquq-
Non-twisting spacetimes require a null hypersurface as u =constant which is similar to
existence of a null vector field k that is tangent to u=constant surface in everywhere (it is

more common to choose k at 7 direction and it becomes k = 0,..). This null vector covariant

derivative for the metric (2.1) is obtained k;,; = F“z-j = % gij,» which satisfies k,.; = k;;» = 0.
Another orthonormal basis in the D — 2 dimensional spatial coordinates can be defined as
m? which is useful to identify optical matrix; p;; = kp,;m? m‘}. For shearless and twist-free
spacetimes reduce to; p;; = ©0;;. The expansion scalar is obtained 20g,;, = gpq,» by the
definition of d;; = gpgm?¥ m? [22]. The vanishing expansion, ® = 0 is known as Kundt
class [14, 15, 24, 25] which indicates the condition that the spatial metric is independent
of the affine parameter r (in metric (2.1) gpq(u, 7, ) — gpg(u, x)). Otherwise, expanding

case, © # 0 is named as Robinson-Trautman class [12, 13, 24, 25].



Boost Weight
Components
Types | 42 | +1 | 0 | -1 | -2 | primary WAND
G No
1 0 a WAND
11 0 0 multiple WAND
111 0 010 multiple WAND
N 0 0 [0]O0 multiple WAND
O 0 0 |0| 0| 0 | multiple WAND

Table 1. Higher dimensional classification of a spacetime with obligatory vanishing components of
boost weights.

We begin with identify natural null frames to obtain classification of the spacetime
which is given metric (2.1) as;

1
k= a?“a = §guuar + aua mj; = mf (gupar + ap) ’ (22)
which satify the normalization conditions; k./ = —1, m;.m; = d;;. Boosts are defined by

rescaling of these null basis as; k — Mk, £ — A7/ and m; — m; and boost weight which
is used to determine the classification of the spacetimes in higher dimensions, are obtained
+1, -1, 0, respectively. Additionally, if the boost weight +2 components of the Weyl tensor
are zero, the null direction of k becomes a primary Weyl-aligned null direction (WAND)
which is analogue of a PND in 4-dimensions. There might be multiple WAND if the +1
boost weight components of the Weyl scalar vanish and if the spacetime obeys multiple
WAND conditions, it becomes algebraically special. One prepared the classification of the
spacetime with obligatory vanishing components of boost weight [26] which is summarized
in table 1. Further, for fixed k, ¢ can be introduced a secondary WAND which can be
obtained by vanishing as many as null frame scalars. According to secondary WAND the
spacetime will be Type 1;, I1;, III; and Type D.

Subsequently, as the dimension of the spacetime goes to infinity, the Weyl scalars of
the metric (2.1) become (Christoffel symbols, Riemann and Ricci tensors, Ricci scalar and
Weyl tensor are calculated at the appendix A),

Woij = Cabcdk:“mgkcm? = mfm}l-Crqu =0, (2.3)
apbr.c, d p p 1
qllTl — Cabcdk e k mi — ml Crurp - m,l _§QUP7T+@guP +@7p 3 (24)
)T
Uik = Cabcdkamfmjmi =mPmimy' Cprmg =0, (2.5)
1 1
Vog = Cabcdkagbgckd = Cruur = (29uu,r - Gguu> - ngqgupﬂ“guq# - 267“
)T
+@grpgup7r - @29Tpgup7 (26)



1
\I/2TU = Cabcdkamgécm? = mfm]q (Crpuq +gupcrqur + 2guucrprq>

1 1 1 1
— mzzom <2gupguq,rr + 4gup,rguq,r + QQpng gus r s ’mq+ igpn (gnmgum,r)ﬂ
+ GupGuq (@2 _ 677“) — 2gup@,q -0 (2Eqp _gquupﬂ“) > , (27)
\Ij2ijkl = Cademgmbmi;m? mfmqm;;m;n (Cpqm’n +gupermn +guqc’prmn +gumcpqrn
+guncpqmr) mpmquml Cpanm (2.8)

\112” = Cabcdkagbm m;l fmg (Crupq +gqururp+gupCruqr) = mfmg (gu[p,q]r
- 4gu[p®,q] +gu[pgq]u,r7‘ +0 (29u[q.gp]u,r +Eqm - Epn) > ) (2-9)

1
‘I]3Ti = Cabcdéakbécm;‘i = mf <2guuCurrp +gupcurur +Curup)

1 1 1 1
= m? <4guugup,rr — Gulu,p]r +gup®,u + §guu®,p - §guugup®,r + igmngum,rEnp
1 S rr rs
_gup §guu,r_@guu - 5 (g gup,r +guu,p+2g Esp) ’ (2‘10)
T

1
\1131']"9 = Cabcdg ’I’)’L m; mg - mfmgmzl (29uu (Crpqm +guqcrprm +gum0rpqr)

+gup (Curqm + Gugq Currm + gumCurqr) +guq Cuprm + Gum Cupqr + Cupqm>

= mfmgm? <_ 2gupgu[q,m]r - @gup (Emn - Eqs) +gupgu[qgm}u,rr +gupgu[qgm]u,r

1
+g£sgu5,r srnfpgu[qgm]n + igup,rgu[qgm]u,r +gu[qgm}n (gneguf,r) » _4@Ep[mgq]u

—9pn (nggu[m,r) Ep[mgq]u,r_2gpn (gnSEs[q) _gpngrs SFnS[qgm]u,r

] B

7m]
_29pngSkEk[q srnm]s_QGQQTTgp[qgm]u)a (211)
\1141'3’ = Cabcdfa bgcm = mpmj (g;u (Crpuq + Cuprq + g;u Crprq +guq Crpur +gup0urrq>

+gup (Curuq +gquurur) +guq0upur + Cupuq> mpm ( GugGulu,p]r

g
+ 5 (97 Gusr T+ (9" Jumr) ( Iayn — 4O E ) )

rm

g 1
+gmngum,TEn(pgq)u - TQUW?,Tgu(pgq)u,T + JupJuq (2gpqgup,rguq,r + @guu,r>

2
+© (guu (gu(pgq)u,r +grrgpq,7“) - Eu(pgq)u _grrgu(pgq)u,r - 2guu,(pgq)u>

_gpn( ~ 19" guu,r+29° Eum)+(g’""gu[u,r),q]—2(gnm m[q)ju]>

- @2guu (gupguq +grrgpq) > s (2.12)



where Cpgnm, Epq, Eup equations are given in appendix A. Some of these scalars can be
obtained by contractions of the other scalars such as;

Ui = \Illkkm (2.13)
Was = W,k (2.14)
Wari = Wopn,, (2.15)

and symmetric and antisymmetric part of the scalar Wy7i; is obtained;

1
\IIQT[U] == 5\1121']', (216)
1

Analyzing of the classification for any dimension D > 4 is studied in [22]. According to
study of [22], the irreducible components of these scalars are given;

= 1

\Iflz‘jk = \Illijk — 7D — 3 (5ij\I/1Tk — (5ik\I/1Tj) y (218)
= 1
Uorain = Yorai) — m%"l’z& (2.19)
~ 2 _ B ~ ~

Woijke = Waijre — m (5ikq/2T(j€) + 5j£\I/2T(ik) - (51'5\I/2T(jk) - (Sjk-‘ll2T(ig))

2
T D= 2)(D —3) it ~ diedje) Was, (2.20)
~ 1
\IJ3ijk = \Ilgijk - 7D —3 (5ij\I/3Tk — 5ik\I/3Tj), (2.21)

which are dependent of the dimension of the spacetime. As we study the dimension

becomes large, the second and third terms of the right side of the above equations are
meaningless. Thus, we can conclude that, according to our study, the irreducible compo-
nents of the Weyl salars can be written as,

Uik = Wik, Yorai = Wordi), Woijke = Waijke, Uaije = Wain.  (2.22)

where the symmetric part of the Wypi; is equal to;

1 1 1
Yore = mfmg- (zgpngmsgum T+ 1 JuprJug,r + 59pm (9" Gum,r) 4+ GupJuq (@2 - @,T)

_4gu(p®,q) +@gu(qu)u,7‘ +gu(pgq)u,7‘7’> . (223)

As the Weyl scalar Uy;; = 0, k is a primary WAND of the metric (2.1) and the spacetime
is Type 1. If Wy vanishes, k becomes multiple WAND since boost weight component
of 42,41 become zero. Meanwhile, vanishing the Weyl scalars determine the types of



the spacetime: type I(a)-I(b), Type II(a)-II(b)-II(c)-I1I(d) Type N and Type O and their
combinations such as Typell(ac) or Type II(bed), for primary WAND k. For instance, the
spacetime is called Type II(c) when the Weyl scalars Wyi; = Wi = Uyijp = Uoijme = 0
or Type III(a) when the scalars Wgi; = Uypi = WUyijn = Yog = VUypaj) = Yoisu = Voiy =
Vs = 0. Because of the components of the Weyl scalar ¥g:;; = Wy = 0, the spacetime
of shear-free, twist-free, expanding (or not expanding) can be classified as Type I(b) or
more special. Additionally, metric (2.1) spacetime is not algebraically special, because of
all +1 components of boost weight are not zero (Vi # 0).

Furthermore, the secondary WAND is the natural null vector ¢ which classifies the
spacetime as the Type I; - II; - III; and Type D, such as, the spacetime will be Type II;,
when U,i; = 0 addition to Wgi; = Wi = Wyie = 0 or the spacetime becomes Type D(a)
when the Weyl tensors Wgi; = Wi = WYiyr = VYog = Yapi = Uaix = Wyi; = 0. One
prepared table 2 for the relationship between vanishing Weyl scalars and the spacetimes’
classification, for both WANDs k and ¢ [22].

While the number of dimension goes to infinity, the classification of metric (2.1) did not
change, the equations became only simpler than the functions, which were obtained for any
dimensions D > 4. It is the power of the large D expansion method which allows to obtain
analytical solutions for classification of this spacetime. Hereafter, we will determine (sub)-
types of the higher dimensional, shear-free, twist-free and expanding or non-expanding
spacetime for special conditions which will correspond specific spacetimes.

3 Kundt spacetime

Kundt spacetimes are shear-free, twist-free, non-expanding geometries which will be ob-
tained by taking ® = 0 and the metric functions of spatial coordinates independently of
parameter r at the metric (2.1). While the algebraic classification of the Kundt geome-
try for higher dimensions has been studied in [19, 22, 23], we will classify this geometry
which the number of dimensions goes to infinity. Kundt spacetimes will be Type I(b)
(Pgis = ¥yr = 0) or more special which is determined by the vanishing Weyl scalars.
If we set the spacetime Type I(a) (it becomes Type II too), the Weyl scalar ¥,;: have
to vanish. As a result of it, the spacetime becomes algebraically special because all +1
component of the boost weight vanish and the metric function gy, = 0 and it reads;

Gup = 1dp(u, ) + cp(u, x).

If we keep going to determine the metric functions by vanishing Weyl scalars for classifi-
cation, we get that from Wog = 0,
2
r
Juu = ngq(u, x)dp(u, x)dg(u, z) + ri(u, x) + s(u, ),

where the solution is Type II(a) and the metric of Kundt spacetime becomes;

ds? = gpq (u, ) daPdz? 4 2 (rdy(u, z) + cp(u, x)) duda? — 2dudr

7'2
+ <4gpq(u, x)dp(u, x)dg(u, z) + ri(u, x) + s(u, x)) du?®. (3.1)



Components of
Weyl Scalar WAND k WAND ¢

1] 1(a) [1(b) [ 11 [ 11(a) [ 11(b) [ 11(c) [ 11(0) [ 111 Iaviari;
Ty ol o] oo
Uy 0 0
Uy 0|0
Uss
Woran 0
W 0
Ui 0

Nas%
—
—
—
—~
=3
Nl

oco|lo|lo| T

oo |o| O

S| oo | oo O
o |||l O
o ||| ol |Oo|O

»-«
.
ooooooooé?

\IJBTi
@31‘]% O
Wi

o|lo|lo|lo|lo|lo|lojlo|lo|Z

olo|lo|lo|o|olo|lo|o|o|O

00 010

Table 2. General algebraic classifications of shearfree, twistless spacetimes with necessary vanishing
Weyl scalars for both WANDs k and /.

Also, it easily becomes Type II(ad) by W,i; = 0, which gives the result d,(u, z) = dp(u).
However, the other subtypes are not simply obtained by only vanishing components of
Weyl scalar. Therefore, we will analyze several cases which is obtained by simplification of

metric components.

3.1 All metric functions are independent of parameter r.
(Corresponding pp-waves.)

pp-waves are one of the important subclasses of the Kundt spacetimes. They are defined
in Brinkmann [19, 23, 28] form by the metric (3.1), as the all metric functions independent
of the parameter r;

ds® = gpq (u, ) dzPdz? + 2c,(u, v)duda? — 2dudr + s(u, x)du?. (3.2)
With respect to independence of r, higher dimensional pp-waves can be classified as
Type II(abd) (Wgis = Vyipi = Yige = Wog = Wopay = Wai; = 0) or more special
when the dimension number of the spacetime goes to infinity. Furthermore, if we set
Squnm = —0ps (grsgq[n) m]
for multiple WAND k. To make the pp-waves Type III(b) (simultaneously it becomes Type

(Uyijee = 0) the pp-waves become Type I1I(a) and more special

N), the condition of Weyl scalar Wai. = 0, gives that;
k
<9n$ES[‘I),m] = 9" Bl T
There is one more condition which makes pp-waves Type O for WAND k is ¥ :; = 0;
2 <gnm m[q) g = 9 Eum Ty

Moreover, only with this condition we can classify pp-waves Type I; and II; for secondary
WAND /. Higher dimensional pp-waves classification and obligatory conditions are sum-
marized in table 3.



Types for Obligatory Conditions Types for
WAND k WAND ¢
I always 2 (g"mEm[q)ﬂL] = —g"™ °T" Eun I;
I(a) always 2 (g”mEm[q)m] = —g*™ " Eum I(a);
I(b) always 2 (g”mEm[q)m] = g™ T By | 1(b);
II always 2 (g"mEm[q)ﬂL] =—g"" I Eum 11;
II(a) always 2 (g”mEm[q)u] = —g"" T Bum | 1(a);
II(b) always 2 (g”mEm[q)’u] = g™ T By | 11(b);
II(c) * Rpgnm = —Yps (g’“sgq[n) ] * Rpqnm = —Yps (g”gq[n)m] I1(c);
5 (Qnm Em[Q),u] g T B
11(d) always 2 (g"mEm[q)ﬂL] = g™ T By | II(d);
1 “Bognm = ~gps (6704 “Rygm = ~ps (970410 111,
2 (4" i) | = 4" T B
111(a) “Rogum = ~0ps (0410, “Rgum = ~gps (" 0410) | TTT(a):
2 (4" i) | =~ T B
111(b) Rpqum = ¢s(t6,2) *T* ) gy “Rogum = ~0ps (04u) | TTT0):
(Q"SEs[q)m] = =9 Bygq "I (g"sEs[q),m] = =9 Bygq "I,
2 (5" i), =~ T B
N “Rogum = ~0ps (04) | (9 Bstg) ) = 9" Bug Ty, | D=
(9"Buq) = =" Bty Thyy | 2(0"" Buig) = =0 " Fum | (D(abd))
* Rpgnm = —Yps (g”gq[n)’m] *Rpqnm = —Yps (g”gq[n)’m]
0 (Q"SEs[q)m] = =" By "I, (Q"SEs[q)m} = =9" By, Thy | D)
2 (g”mEm[q),u] = =g T Bum | 2 (g”’”Em[q)M = =" g Bum

Table 3. Higher dimensional pp-waves classification with obligatory conditions for both WANDs
k and ¢ as the dimension of the spacetime D — oo.

3.2 gup = 0,guu = rl(u,x)

According to this special case, the solution becomes Type II(abd) or more special because

of Woruy = Wei; = 0. Meanwhile, the spacetime will be Type II(c) as the Weyl scalar

Wyt = 0 which is provided by taking flat spatial spacetime

*Rpgnm = 0. Interestingly,

when the metric function is gy, pr = 0 which is obtained by W.ri = 0 the spacetime becomes

Type III(a). This can be summarized as;

l(u,z) = l(u).




Moreover, this spacetime becomes Type III(b) (and also Type N), and Type O with respect
to multiple WAND k if the Weyl scalars become zero as,

n
m]s’

Waijk =0 — (gnsEs[q) ] = —gSkEk[q °T

which are the same conditions of the all metric functions are independent of the parameter
r case.

Additionally, when the metric functions are choosen g,p,—o and gy, = rl(u, z), algebraic
classification for secondary WAND /¢ can be written as Type I; and Type II; if the condition
W,:; = 0 is satisfied which gives;

With this condition, if °Rpgnm = 0 which means spatial spacetime is flat the classification
becomes Type III; for WAND /. On the other hand, if we want to get Type D solutions,
we have to set

Vari =0 — l(u,x) — l(u),

Uy =0 (¢ Eyy) = —g" By, T}

m] m|s»

Uy =0 2(" Epjy) =~ Eum Tl

7u]

Also the spacetime becomes Type D(abd) with these conditions in this case.

4 Robinson-Trautman spacetime

Higher dimensional Robinson-Trautman geometry defines non-twist, shearfree spacetimes,
which expand along the direction r in metric (2.1). General algebraic classification of RT
in higher dimensions as dimension numbers go to infinity is given in table 2. In here we
will discuss some special cases. First, Riemannian Type I and Ricci Type I will be studied
which corresponds to expansion scalar © = % and R,prq = Ry = 0. The spatial metric of
the spacetime becomes;

9pg = 7“2hpq(ua z).
According to this expansion scalar the spacetime is Type I and Type I(b) too, as D — oc.
This spacetime becomes Type I(a) and also Type IT and more special if the U7 = 0 which
is obtained by;
Gup = 72dp(u, ) + rey(u, ).
By using these metric functions, we can rewrite the non-vanishing Weyl scalars;

o 71 Guu,r | Guu g™ 2rd 2rd ™ g 4.1
25 = 5 Guurr = +77—T( rdp+cp) (2rdg+cq)+9'Pdp, (4.1)

r2h
\I’QT(U) — mfm;] l;‘m |:gms Sanq (27‘ds+cs)+2 (gnm (2rdm+cm))7q}

13
+7r2dydy+5rdycy+5rdyc,+ - &l (4.2)



Woisee = mi mimpmy” Cpgnm, (4.3)
1 2
Wy = Sl {(27’dp+cp)7q—(2rdq+cq)’p—f—T (Eqm—Epn)} , (4.4)
»|1 1 T 1
\I’3Ti =m; idpguu — §guu7p7~ - (Y’dp—l-cp) iguu,rr — Guu,r + 5 (2po+cp),u

1
=555 (Plort70s) =5 (a9 (b y) 297 Eoy)

1
+§gm”Enp (2rdm—|—cm)], (4.5)

1
Wik = mimimy, [— B <r2dp—|—7“cp) [(2rdq+cq)7m — (2rdm+cm)7q}

d 5
—(rdp+cp) (Bmn— Egs) +12 (dmcg—dgem) (zp +(rdp+cp) (4+ g))

5
+37 (Bpgdin — Epmdy)+ - (BpqCm—Epm) —9"" {hm (r2dm-+rem)
7“3
2

—hpm (r2dq—|—rcq> } + {rges sfngp (rds+cs)+ (g"g (2rd4—i—ce)) p}

2h o
X [hann (rdq+cq) = hgn (rdm+cm)] — T?p |:(grn (2Tdm+cm)>,q

- (grn (2qu+cq)),m +grs( Srnsq (2Tdm+cm)

- SFnsm (2rdq+cq) ) +4 (gns s[q) m] +4QSkEk[q anm}st ) (46)

mn

rg

r
Wy = mfm}’ l2 (rdg+cq) (Quu,pr —(2rd, +Cp)7u> + (Enp (rdg~+cq)+ Eng (rdp~+cp))

+ Juu [TQQmS (2rds+cs) [hqn srnmp+hpn sran} +? [hqn (g™ (21“dm+0m))7

4 p

8
+hpn (g™ (Qrdm—i-cm))’q} +2 (27"2dpdq+7“d,,cq —I—rdqcp> +49"" hpg— TE(pq)}

-1 (2rdm+cm) (4r2dpdq +3rdycy +3rdqcp+20pcq) — Guu,p (1dg+cq)
pq
+ Guu,g (rdp+cp) + (Tde ""’"Cp) ("”qu +7“Cq) [92 (2rdy+cp) (2rdg+cg)+ gu:q
— T (rdytey) (2rdy+eq)+ (rdyt-cq) (2rdy ¢,
2 srné’q TS sm N nm
—r hpn - 2 (g Guu,r +2g Eum) + (g gu[u,r) d —2 (g Em[q) ] ’ (47)

where C'pqnm is the Weyl tensor for the obtained metric functions. We can conclude that,
RT spacetime algebraic classification is not revealed analytically for this expansion scalar
and these metric functions, as D — oo.

~10 -



On the other hand, we can determine the classification of RT spacetime with the same
expansion scalar © = % for off-diagonal terms (gy;) vanish. According to this simplification,
d, = ¢, = 0 and the metric coefficients become ¢"? = 0 and ¢"" = —gyu, thus, the
metric (2.1) becomes,

ds? = r?hpg(u, 2)daPda? — 2dudr + gy (u, r, z)du?. (4.8)

This spacetime is Type II(b) or more special as the Weyl scalars Wyi; = U i = Wyin =
U, i) = 0 and it is algebraically special. Additionally, it will be Type II(ab) or more
special for the limit of D — oo when the Weyl scalar Wog = 0 which gives,

Guu = c1(u, z)r* — 2¢o(u, )7 (4.9)

RT spacetime will be Type II(bc) or more special as the Weyl scalar Wqi;xe vanishes
which reads;
h

*Rpgmn = Mg linjpo +27°g™ h (4.10)

p[n'*m]q-

When we set Uqyi; = 0, the spacetime will be Type II(d) or more special and we get
hgmu = hpn,u. Without loss of generality we can choose the metric coefficient hyq(u, z) —
hpq(x) for the Type II(abed) (or Type III) with these results. RT will be Type III(a) with
. =0 = c(u,z) = ci(u),ca(u,z) = c2(u). On
the other hand, the spacetime becomeys Type III(b) if the metric coefficients satisfy the

the condition of Wsri = 0 — (rguup)

condition that;
gns h’q]s,u = QSk " hm]k,u (411)

[;m slq
It will be Type O when above conditions are satisfied with W,:; = 0 which gives gfmhpq = 0.
This is an unphysical result for our purpose because the metric functions gy, or hy, vanishes
which is changed the spacetime geometry.
Also, we can introduce classification for the secondary WAND /. RT spacetime will be
Type I; and II; only the component of Weyl scalar W,:; vanishes and it yields;

2
r<hpn

7 hpg,u + giuhpq + " SFnsqguU,m + (gnmguu,m),q - (gnmhmq,U)u] = 0. (4.12)

If the metric functions satisfy equations (4.9), (4.10), (4.11) and hpg(u, ) — hpe(u) with
equation (4.12) RT spacetime is Type III; for secondary WAND /.

5 Conclusion

Algebraic classification of the higher dimensional RT and Kundt spacetimes were investi-
gated with the method of taking the limit of dimension of spacetime D — co. The results
supported the method that the limit of dimension goes to infinity which simplify the theory
of general relativity. In general, nor at this limit or any dimension D > 4, without any
restrictions, classification of RT spacetime which is Type I(b) remains unchanged. Also
the spacetime is not algebraically special and the primary WAND k is a WAND because
all +1 components of boost weight do not vanish.
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As Kundt spacetime corresponds © = 0 condition of RT spacetime, in general, at least
it is Type I(b). We obtained other types and subtypes by setting the components of Weyl
tensor are zero. When the all metric functions are chosen independently of parameter r,
which correspond to pp-waves, the spacetime became Type II(abd). Restrictions and the
matching types and subtypes are summarized at the table 3 for this case.

Although, general classification of RT spacetime with necessary vanishing Weyl scalars
for both WANDs was given at table 2, several different cases were discussed at the last
section. When we set the © = % and off-diagonal terms g,, = 0, the spacetime became
algebraically special and it is Type II(b) or more special.

This paper was prepared to fill the gap in the literature by analyzing the algebraic
classification of RT spacetime with the limit of dimension D — 0. In the future, the special
types and subtypes can be studied by solving field equations which helps to understand
the limitation method.

A Curvature tensors of general RT spacetime

The non-zero Christoffel symbols of the metric (2.1) are obtained,;

I = %guu,r, (A1)
Fuup = 1gum'a (A.2)
2
I'*,q = Obpg; (A.3)
I = % (9" Gupsr — Guur) (A.4)
IMp = % (=9"" Gup;r = Guup + 29" Enp) , (A.5)
[ = % (=9"" Guusr — Guu + 29" Eun) , (A.6)
Frpq = —09"gpq + %gpq,u = Gu(p,q) T Gun Sanq, (A.7)
I = % (209up — Gup,r) » (A.8)
[P = % (=9 guu,r + 29" Bun) , (A.9)
[Py = %gpqguq,r, (A.10)
P, = % (=9 Gug,r + 29pnEng) , (A.11)
7, =0d, (A.12)

[ = =Ogpeg"™ + "I,

(A.13)
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where °I'", is the Chrisstoffel symbol of the spatial metric g, and,

1
Epg = Gulp,q) + 59pa.us (A.14)

1
Eup = gu[p,u] —+ ig“p’“' (A15)

The Rieman tensors of the metric (2.1) are;

Rprrq = Gpg (@,r+@2) ) (A.16)
1 1 pq
Rryur = iguu,rr - Zg Gup,rGuq,r (A17)
1 1 ...
Rruup = Gu[u,p]r + 59 (2Eup _gupguu,r) - 59 gum,rEnp
1
+ Zgrmgum,rgup,r ) (A.18)
1 1
Rrur‘p = _§gup,rr+§@gup,r ; (Alg)
Rrupq = gu[p,q}r +06 (gu[pgq}u,r +Eqm - Epn) ) (A'20)
Ryprmg = 20 GpimJapu+OIpl9mpu,r +29p(O m] - (A21)
1 1 1
Rpruq = - §gpngmsgus,r Srnmq - Zgup,rguq,r - §gpn (gnmgum,r),q +gpq6,u
©
+ 5 (_gpqumgum,r + GpqGuu,r + GugJup,r +2Eqp) s (A-22)

rs SI‘TL n

Rpumq = GupYu[q,m]r +Ep[mgq]u,r +gpng s[qgm}u,r +2gpngSkEk[q °T m]s

+9pn (gmgu[m,r) y +29pn (gnsEs[q)

]
+0O [guu,[mgq}p_i_grrgp[qgm]u,r+2grsEs[qgm}p:| ) (A23)

;m]

1
Ropuqu = GupSutualr = Epluagur+ 59" Gut.r Bps =9 Eps Big = Gon (97" Gufur)

2 4]

1

1
- igpn Srnsq (gnguu,T + 2gsmEum) + Zgupﬂﬂ (gqu +grrguq77» - 2gTSESq)

1
—2gpn (gnmEm[tI) + §®9pq (=Guu,u—9"" Guu,r+29" Eus) (A.24)

7u}

1
qumn = Squmn+§gupgq[n,rgm]u,r +gupgq[n,m}7‘ +gps (grsgq[m>

7n]

+9psg"" “TnImlq,r+© [29p[mEn]q 9" GpinImigr T 2Epimnlq

_ng [gkq,[mgn}p+gp[ngm]k,q _gp[ngm]q,k] +2gupgq[mgn]u,r} ) (A25)

where qu = Gu(p,q) — %qu,u-
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Ricci tensors become;

Ry =—(D-2)(6%+0,), (A.26)
1 9 D-4
Rrp = _igup,rr‘F@,Tguzfi_ (D_Q) S Jup — (D_3) @717_ ngup,r ’ (A27)

1 1 1 1
Ryy=— = Guurrt *grpgup,rr + igmsgus,r Squq +5 (gmqgum,r)’q *gquEqp

2 2 2
D—4 D-2
+T@grpgup7r—T@guu,r—(D—Q)971“ (A.28)
Ry = —lg”g = 29" 9" Gum.r Gup,r — (g”’g ) +}gpqg Guu,g—2 (gm"E )
uu 9 wu,rr 4 um,rYup,r wlu,r a4 up,rJuu,q mlq )
1 1
+ 5gr;ngngummEnp _gpqu[ugq}u,r _gpngZEpsEeq - 5 srqsq (grs +29$mEum)
1 1
500 gupgunrt 50 (~(D=2) (Guuu+9" ) +2AD -39 PE),  (A29)
Rup= 29" Gupr —9 +(ng9 ) T G Gupr + 267 By
up 9 up,rr ulu,p]r u[m,r 2 2 um,rJup,r o qmJup,r
1
+gTs Srn;[pgm}u,r - igrqungmsgusjr srnmq +QgSkEk’[p 3 n}n]s +2 (gmsES [p),m}
1
- igrqun (gnmgum,r)g +9up© u— O (Bup — GupGuu,r + 9" Eqn)
(C]
—i—; (—(D=3)Guup—(D—3)g" gupr+2Dg"*Eyp), (A.30)

n

1
qu = Squ - §gup,rguq,7“ - (gnmgum,r) (,q gp)n +grﬁ °T Z[qgn]p,r *gmsgus,r anm(pgq)n

+9"" Iplanir + (gmgp[n) ad 20° GupGuq+ 29u(p©.,q) T 09" GpinYaju,r

+Gpq (2@,u + @guu,r _gwg,r +@29uu +gmngumgun - 29rm®,m + @gmnEmn>

rk
n rr r 99 s
+0(D-3) (Eqp—@g Ipat9 ’fgk(p,q)—;q’“), (A.31)

Ricci scalar becomes;

R= °R+ Guu,rr — 2grpgup,rr - gmsgus,r Squq — (gmqgum,r),q + 2grpgup@,r

1
+ g*1 {_QQUP,Tqu,T + gM Srné[qgn]lw + grngp[q,n]r + <grngp[n> d - 2@29upgu4

5D — 19
T@grpgup,r + 2(D - 2) (@guu,r + 2®,u - QWG,T + guu@2)

+ (D - 2)0%¢"Pgy, — 4(D — 3)g"PO j, + DOGP Eyp + (D — 2) 6" GupGun

5 rk
+O(D - 3) g™ (Eqp + 0 ghpg) — g?"““) —@%(D-2)(D-3)g"  (A.32)
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As dimension D — oo the Weyl tensor of the metric (2.1) becomes;

Crprq = 07 (A33)
1
Crpru = *igup,rrJF@gup,TWL@,p +gup9,7“ ) (A34)
Cprmq =0, (A35)
1 1
Cruru = (2guu,r - eguu) + Egpqgup,rguq,r +2®,u - egrpgup,r + @29rpgup’ (A?’G)
T
1 ms sTn 1 1 nm 2 rr
Crpuq = Qgpng Gus,r r mq+ Zgup,rguq,r + Qgpn (g gum,r)’q'f‘@ (gupguq +g gpq)
_gup@7q -6 <2Eqp _gu(pgq)u,r) ) (A37)
Cirupg :gu[p7q]r_29u[p®,q} +0 (Eqm_Epn)7 (A.38)
1
Cpqmn = stqmn + igupgq[n,rgm]u,r +gupgq[n,m}r +9ps (grsgq[m) ] —|—2@Ep[mgn]q
_‘_gpsgM srse[ngm]q,r +2®gupgq[mgn}u7r - 2@2grrgp[mgn]q7 (A39)
1 1
Cruup = Guu,p]r — igmngum,rEnp + Zgrmgum,rgup,r +29u[p@,u] + @2gupgrngun
©
+ 5 (2Eup —GuuGup,r — 2gupgrqguq,r "’grrgup,r + Guup +29T8Esp) s (A-4O)
Cupmq = ~YupGu[g,m]r — Ipn (grngu[mw) d _Ep[mgq]u,r _2gpn (gnSEs[q) m]
_gpngrs srns[qgm]u,r - 29pngSkEk[q srnm]s - 2@29Trgu[mgq]p¢ (A41)
s
Cupuq = GupYu[u,q]r — Ipn ((grngu[um]) d -2 (gnmEm[q> ] - 2 = (grsguu,r‘i‘QgsmEum))
1
+ Zgrrgup,rguqﬂ" +0 (grrguugpq,T - grrgu(pgq)u,r ~ Guu,(p9g)u +2grSEs(pgq)u)
72@2grrgu[ugp}q. (A.42)
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